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RESUMO

Um componente crítico para que as células cardíacas desempenhem sua função

primária, contração do órgão cardíaco, é a regulação da concentração intracelular de cálcio.

O íon cálcio é o elemento chave na contratilidade das células cardíacas e sua dinâmica

intracelular envolve diversas atividades físico-química. Todo o processo é denominado

processo de Liberação de Cálcio Induzida por Cálcio (Calcium Induced Calcium Release -

CICR). As atividades que compõem o processo CICR são de alta complexidade e envolvem

fenômenos espaciais e temporais em multiescala. Dessa forma, um modelo computacional

capaz de reproduzir esse processo crucial para o correto funcionamento do coração nessas

diferentes escalas poderá contribuir para a compreensão da relação entre as atividades

em microescala e os efeitos que elas causam no comportamento de todo o órgão. Assim,

esta tese propõe um novo modelo computacional espaço-temporal para o miócito do

ventrículo esquerdo humano capaz de reproduzir a estocasticidade presente na natureza

microescala da célula e determinar os efeitos desses fenômenos locais no comportamento

celular em macroescala. O desenvolvimento deste modelo multiescala foi baseado em

um modelo celular consolidado. Este modelo base foi modificado incorporando Variáveis

Aleatórias em sua formulação. Isso permitiu que a versão atualizada do modelo replicasse

fenômenos que ocorrem em nível subcelular, como o comportamento estocástico de canais

iônicos e liberações espontâneas de cálcio. Além disso, a característica multiescala do

modelo foi implementada através da introdução de dois parâmetros nas formulações do

CICR que permitem a utilização do modelo para reproduzir os resultados em escalas

subcelulares e celulares. O modelo proposto apresentou resultados satisfatórios; simulados

sob a condição de microescala, o modelo foi capaz de reproduzir as liberações espontâneas

de cálcio enquanto que, sob uma visão de macroescala, reproduziu também os resultados

determinísticos esperados. Além disso, este novo modelo poderá possibilitar novos estudos

na compreensão de patologias cardíacas e sua associação com as estruturas subcelulares.

Palavras-chave: Modelagem Cardíaca. Dinâmica de Cálcio. Multiescala.



ABSTRACT

A critical component for the cardiac cells to perform its primary function, the

shortening of the cardiac organ, is regulating the intracellular calcium concentration. The

calcium ion is the key element in the cardiac cells’ contractility, and its intracellular

dynamics involve several physical and chemical activities. The whole process is named

the Calcium-Induced Calcium Release (CICR) process. The activities composing the

CICR process are of high-order complexity and involve spatial and temporal multiscale

phenomena. In this way, a computational model capable of reproducing this crucial

process for the correct cardiac function in these scales might contribute to understanding

the relation between the micro scale activities and the effects they cause on a whole

organ behavior. So, this thesis proposes a novel spatial-temporal computational model

for the human left ventricle myocyte capable of reproducing the stochasticity present in

the micro scale nature of the cell and determining the effects of these local phenomena

in the macro scale cellular behavior. The development of this multiscale model was

based on a well-accepted cellular model. This base model was modified by incorporating

random variables in its formulation. It enabled the updated version of the model to

replicate phenomena occurring at a subcellular level, such as the stochastic behavior

of ionic channels and spontaneous calcium sparks. Besides, the multiscale feature was

implemented by introducing two parameters in the CICR formulations that allow the

usage of the model to reproduce the outputs in both subcellular and cellular scales. The

proposed model presented satisfactory results; simulated under the micro scale condition,

the model were capable of reproducing the spontaneous calcium sparks while that, under

a macro scale viewing, it reproduced the deterministic expected outputs. Furthermore,

this new proposition might enable further studies in understanding heart pathologies and

their association with the subcellular structure.

Keywords: Cardiac Modeling. Calcium Dynamics. Multiscale.
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1 INTRODUCTION

In 2020, the World Health Organization (WHO) updated the leading causes of

death worldwide. According to the WHO (44), the top two causes were ischemic heart

disease and stroke, respectively. These two diseases were responsible for around 26 million

deaths in 2019 and 2020. Also, according to the WHO, the leading cause of death globally

is responsible for 16% of all deaths. Over the past two decades, this disease has seen the

largest increase in fatalities, with over 2 million additional deaths bringing the total to

8.9 million in 2019. So, given these challenging numbers, every study that contributes to

understanding cardiac physiology and its different systems have a substantial impact.

Several scientific groups worldwide have contributed to understanding cardiac

physiology via computational modeling (38, 26, 59). Computational models are widely

used to study the mechanics of the cardiovascular system (50). These models help to

understand its dynamics and quantify properties that are challenging or impossible to

measure through experiments (57).

A critical component for the cardiac cells to perform its primary function, to

pump the blood, is the regulation of the intracellular calcium concentration (27). The

intracellular medium is composed of different ions, and each has its role in the correct

functioning of the cell. The calcium ion is the key element in the cardiac cells’ contractility

(14, 4). The minimal presence of calcium ions in the cell’s interior can trigger a massive

loading of the same ion from the Sarcoplasmic Reticulum. This huge calcium concentration

interacts with other cellular structures leading to the cell shortening. The whole process is

named as Calcium-Induced Calcium Release (CICR) process (13).

Besides all the electrical and chemical complexities involved in the CICR process,

one significant challenge in modeling the role of calcium ions within the process is the

non-linear and multi-scale properties in space and time dimensions (16). The structures

of L-type Calcium Channels (LCCs) and Ryonondine Receptors (RyR) are the main

ones responsible for starting the CICR process. These two sorts of arrangements are at a

subcellular level (nanometers) (6). Conversely, the CICR process have an important impact

on the electrical (transmembranic potential) and mechanical (contractility) activities of

the whole cell scale (micrometers) (15).

Over the last decade, there have been substantial advances in the complexity and

sophistication of computational models for intracellular calcium dynamics. The most

traditional myocyte models as, for instance, Pandit et al. (45), ten Tusscher et al. (60), and

O’Hara et al. (42), were created considering a coalescence of the whole spatial distribution

of a myocyte into a single shared bulk. This approach is well-consolidated and accepted.

Sato et al. (52) have shown that the variability in intracellular calcium cycling is crucial in

understanding the occurrence of discordant alternans. So, in this way, this kind of study
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cannot be simulated using deterministic models of shared bulk cells. In addition, Colman

et al. (16) indicate that computational models that consider the spatial aspects of the

cardiomyocyte and the stochastic behavior of RyRs and LCCs are more appropriate for

detailed analysis of intracellular calcium dynamics. For more details of an overview of the

multi-scale computational modeling of spatial calcium dynamics, see Colman et al. (16).

Given this context: the expressive positions of heart diseases as the leading causes

of death in the world, the contribution that computational models can offer to the cardiac

physiology field, the significance of the CICR process for the correct cardiac function, and

the multi-scale nature of this process; this thesis proposes the development of a novel

multi-scale computational model for human ventricular myocytes capable of reproducing

experiments of the CICR process in both micro and macro scales.

With the development of this model, it is expected that it can be used especially in

studies that investigate the link of the subcellular structures conformations as, for instance,

the LCCs and RyRs, with the cellular level pathologies as, for example, cardiac alternans

(63).

The development of the multi-scale model is based on the well-accepted model

presented by ten Tusscher and Panfilov (61). This model was selected since, despite

being formulated to reproduce human ventricle myocytes electrophysiology, this model

was selected since it was widely tested and accepted for tissue simulations. In this way, its

usage for the cellular and tissue level is already defined. This thesis aims to modify the

original model by incorporating subcellular variables, which might enable the updated

version of the model to replicate phenomena occurring at a subcellular level, such as the

stochastic behavior of ionic channels and spontaneous calcium sparks.

1.1 Objectives

The main objective of the thesis is to propose a novel computational model for

human ventricular myocytes capable of reproducing the CICR process at subcellular

and cellular levels based on multi-scale parameters definition. For that, a few punctual

objectives can be mentioned.

The first is to define a well-accepted computational model that simulates the human

ventricle myocyte with explicit formulations for LCC and RyR structures. These specific

formulations are suitable since these two structures are the leading actor in the CICR

process. In possession of the base model, the next objective is to implement formulations

based on Markov Chains in the LCC and RyR terms. This objective is a crucial step in

the thesis development since at a subcellular level, these two structures must reproduce a

stochastic behavior. Then, the next objective is to implement the stochastic feature into

the model by replacing the deterministic Markov Chain formulations with a stochastic

version composed of random variables. At last, in possession of the stochastic version of
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the model, the next objective is to implement a spatial disposition of the LCCs and RyRs

in a two-dimensional grid conformation to enable the analysis of the calcium diffusion on

the whole cell.

1.2 Text Organization

The thesis is structured as follows: Chapter 2 provides an overview of the key

concepts related to the study, including a Literature Review that covers Cardiac Physiology

and Computational Modeling in this area. Chapter 3 outlines the Methods that were

used to achieve the primary objective of developing a new computational model that

can replicate the human ventricle myocyte on a multiscale level. Chapter 4, Chapter 5

and Chapter 6 present the Results, the Discussions and the Conclusions, respectively.

In addition to the main content, there is also an Appendix A that provides detailed

information on the new computational model.
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2 LITERATURE REVIEW

In this Chapter, it is presented the main concepts studied during the development

of this thesis. References Hall (25) and Keener and Sneyd (33) were the primary references

reviewed to conceive the concepts presented in this section.

2.1 Cardiac Physiology

All cells of the body need nutrients to perform their activities properly. The

bloodstream is the leading actor in this way since it takes these nutrients to the cells. In

this process, the heart is essential for maintaining bodily activities because it pumps blood

through the veins and arteries so that it circulates throughout the body.

The human heart can be divided into two halves, left and right, and each has two

chambers: the atrium, where the blood enters the organ, and the ventricle, responsible

for the ejection of the blood out of the heart. In each cardiac cycle, the blood arriving in

the heart from the body (venous blood) is directed to the lungs, where a process named

Hematosis occurs (gas exchange between the pulmonary alveolus and the blood). Two

critical activities must occur in this process: the release of CO2 from the blood and the

uptake of O2 originating from the inspiring move. Then, this blood, now rich in O2, is

directed to the left half of the heart and pumped again to the body. Institute for Quality

and Efficiency in Health Care (30) presents a figure that illustrates this activity.

2.2 Cardiac Electrophysiology

The heart is a complex organ, and several phenomena are involved in a single

cardiac beat cycle. Moreover, the cardiac cells, the myocytes, have activities of different

natures, such as chemical, mechanical, and electrical activities. As this thesis focuses on a

specific part of the electrical activity of the human myocyte, the calcium cycle, this Section

presents the main concepts associated with the Cardiac Electrophysiology regarded in this

thesis.

2.2.1 Action Potential

An electrical discharge in the heart cells precedes each heart muscle contraction.

This electric impulse causes the contraction of these cells, and as this wave propagates

by the organ, it contracts as a whole. This electrical discharge, called Action Potential

(AP), is generated in a region known as the Sinoatrial or sinus node. For the AP to be

rapidly spread throughout the heart, there are cells specialized in conducting this electrical

wave. These cells comprise a rapid propagation pathway called the Purkinje System, which

leaves the sinoatrial node passing through the atria and reaching the ventricles. As a
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result, an AP spreads throughout the organ, functioning as a message, so the cells contract

synchronously. This synchronism of the contractions between the atria and ventricles is

vital so that the blood pumping occurs correctly. To generate this synchrony, the atria,

and ventricles are separated by a particular set of cells known as the Atrioventricular node.

Considering the Purkinje System, this node is the only electrical connection between the

atria and the ventricles. In this way, it generates an essential delay in the conduction

of AP between the atria and the ventricles. This delay is responsible for synchronizing

that atria pump blood to the ventricles before ventricular contraction. Hall (24, p. 122)

presents an illustration of the arrangement of the cells specialized in conducting AP.

In an AP, it is possible to observe four successive steps. The first is the resting stage,

where the cell is relaxed, and the membrane potential is negative due to the significant ion

concentration differences between the intracellular and extracellular media. The next phase

is depolarization. This step occurs when the membrane suddenly becomes significantly

permeable to sodium ions and allows the diffusion of many ions into the cell, thus raising

the transmembrane potential. In the repolarization phase, the sodium channels begin to

inactivate while the potassium channels open. The rapid diffusion of potassium towards

the extracellular environment reestablishes the equilibrium potential of the membrane.

However, this potassium flow through the ion channels can decrease the potential for

values smaller than the rest, and in these cases, there is also the hyperpolarization phase.

2.2.2 Cellular Membrane

All cells have a membrane that operates as a barrier separating the intracellular

and extracellular mediums. This membrane is called the cell membrane and is formed by

a phospholipid bilayer containing two hydrophobic tails and a hydrophilic head, which, in

an aqueous medium, forces the tails to align inward.

The cell membrane comprises some proteins with special arrangements forming

a passageway between the intra and extracellular media. These proteins constitute the

ion channels. The primary function of the ion channels is to allow the passing of specific

ions into or out of the cell. A cardiac myocyte’s intracellular and extracellular media are

composed of an aqueous solution of salts where ions of Na+, K+, Cl-, and Ca2+ are present.

Rasband (51) shows a figure illustrating a schematic view of a cell membrane and the

units that make it up.

Each ion channel is specialized in allowing the passage of only one or a group of

substances. The chemical and electrical composition difference inside and outside the cell

generates an electrical differential called the transmembrane differential in the membrane.

This differential has a fundamental role in the propagation of an action potential.
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2.2.3 Ion Channels

As introduced in Section 2.2.2, Ion Channels are membrane proteins that regulate

the flow of ions into and out of the cell. Considering the myocyte intracellular and

extracellular medium, the ions Na+, K+, Cl-, and Ca2+ are the most relevant ions, each

with specific contributions to the correct function of the cardiac cell.

Each Ion Channel comprises one or more subunits that form a pore through the cell

membrane. These subunits determine the channel’s ion selectivity, gating, and modulation.

Sodium channels, for example, are composed of a sizable α subunit and one or more β

subunits. The α subunit contains the ion pore and the voltage sensor, while the beta

subunits modulate channel function and regulate the cell surface expression of the channel.

On the other hand, Calcium channels are composed of several subunits, including the α1

subunit that contains the ion pore and the voltage sensor and accessory subunits that

modulate the channel function and cell surface expression. In addition, each ion channel

subunit has a unique amino acid sequence and contributes to the overall function of the

channel. Therefore, mutations in ion channel subunits can alter channel function and

lead to various diseases affecting muscle function. Moreno et al. (36, p. 3) presents an

illustration of an ion channel and its subunits.

A remarkable characteristic of an ion channel, especially regarding this thesis study,

is that an individual channel opening, or closing, is often described as a stochastic process

because it is unpredictable and subject to random fluctuations. This stochasticity can

result in oscillations in the ion current flowing through the channel, even without changes

in membrane potential or other stimuli.

The stochastic nature of ion channel gating can play a role in several physiological

processes, including generating action potentials, synaptic transmission, and sensory

perception. For example, the stochastic opening and closing of ion channels in nerve cells

can lead to fluctuations in the synaptic current, which can contribute to the variability of

synaptic transmission and affect the strength of the synaptic connection.

In addition, the stochasticity of ion channel gating can also play a role in disease

states. For example, mutations in ion channel subunits can alter the stochasticity of ion

channel gating, leading to abnormal ion currents and contributing to the development of

various diseases affecting muscle function (49, 19).

2.2.3.1 L-Type Calcium Channels

Among the range of ions that compose the cellular dynamics and cardiac contrac-

tility, the calcium ion, Ca2+, is the actor responsible for modifying the morphological

conformation of the cell structures responsible for muscle contraction: the sarcomeres.

L-Type Calcium Channels (LCCs) are unique among calcium channels in their
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ability to produce a sustained influx of calcium ions into the cell. This sustained influx is

essential for maintaining a solid and prolonged contraction. In addition, LCCs have been

the subject of extensive cardiovascular physiology studies. As a result, they are considered

important therapeutic targets for treating various cardiovascular disorders, including heart

failure, arrhythmias, and hypertension.

The LCCs activation is directly associated with the transmembrane potential. So,

the LCCs are voltage-sensitivity. However, besides the inactivation due to the transmem-

brane potential, the LCCs also inactivate due to their calcium sensitivity. In other words,

when the LCCs are activated by transmembrane potential depolarization, they allow the

influx of calcium ions into the cell, which increases the intracellular calcium concentration.

This increase in intracellular calcium provides feedback to regulate the opening and closing

of these channels. For example, an increase in intracellular calcium concentration can

cause the channels to inactivate more quickly, limiting the extent of calcium influx and,

thus, muscle contraction.

The intracellular calcium dynamic is vital for the correct contraction of the cardiac

cells and, thus, the blood pumping. Regarding this process, LCCs are the first structures

responsible for triggering these cyclical dynamics and, thus, the cellular contraction.

As previously stated, the LCCs are the structures responsible for starting the cell

contraction since the calcium influx passing by these channels initiates the contraction

process. Another crucial ion channels present in this process are the Ryanodine Receptors.

2.2.3.2 Ryanodine Receptors

The existence of ion channels also occurs in the membrane of the intracellular

organelle. One important example is the Ryanodine Receptors (RyRs), essential ion

channels that, besides the LCCs, have a crucial role in myocyte dynamics.

Located in the Sarcoplasmic Reticulum (SR) membrane, the RyRs regulate muscle

contraction by controlling the massive release of calcium ions from the SR into the

cytoplasm.

When LCCs open, the influx of calcium ions into the cytoplasm causes a slight

increase in the calcium concentration in specific regions of the intracellular medium.

Located in these typical regions and, as calcium-sensitive ionic channels, the RyRs change

their conformation due to this slight concentration increasing to an active or opened

conformation. This opening permits the release of a massive quantity of calcium ions from

the SR into the cytoplasm. At this moment, with the cytoplasm filled with calcium ions,

the sarcomeres, organelles responsible for causing the contraction, alter their configuration,

generating the cell compacting.

After the contraction, the RyRs rapidly close, contributing to the re-sequestering

calcium ions back into the SR. This calcium uptake helps prevent excessive calcium
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accumulation in the cytoplasm and limits muscle contraction’s extent and duration.

Dysfunction of RyRs has been implicated in some human diseases, including malignant

hyperthermia, a life-threatening reaction to anesthesia, and cardiac arrhythmias.

2.2.4 Calcium-Induced Calcium Release Process

The calcium ions have a complex intracellular dynamic that initiates with an AP,

leading to cellular contraction. This complex dynamic is named as Calcium-Induced

Calcium Release (CICR) process. Besides the LCCs and the RyRs, described respectively

in Sections 2.2.3.1 and 2.2.3.2 , the Sarcoplasmic Reticulum (SR) is another crucial

organelle for the CICR process.

All the CICR process is highly dependent on the ion Calcium presence. The

ion Calcium is the key element that modifies the sarcomere disposition leading to cell

contraction. The sarcomeres are the main ones responsible for the shortening movement

of the cell and, consequently, for the generation of force by it. Frontera and Ochala (20,

p. 185) shows a figure that illustrates the composition of structures that form the muscles.

If observed in greater detail, a sarcomere is formed by Myosin and Actin myofila-

ments. These myofilaments are disposed of in a manner that overlaps to a large extent

their extent. It is necessary because when they connect, these myofilaments slide between

themselves, shortening the size of the sarcomere. Pollard et al. (46, p. 3) shows a figure

that illustrates the two extreme states where a sarcomere can stay: relaxed and contracted.

This process of shortening in series by the various sarcomeres composing the

multiple myofibrils that, in turn, form the myocytes, generates the muscle’s strength as a

whole. During an AP, calcium ions enter the cell through the LCCs. These ions alone are

usually insufficient to initiate the sarcomere’s contraction. However, these incoming ions

serve as an initial cause of releasing a more significant amount of calcium ions stored by

the SR. The RyR, as calcium-sensitive ion channels, have their conformation changed by

this initial calcium increase, allowing a massive release of the calcium ions stored in the

SR. This LCCs calcium influx and its influence on the RyR calcium release characterize

the Calcium-Induced Calcium Release process. In this way, the cardiomyocyte, now with

high levels of intracellular calcium concentrations, is induced to contract. Observing the

actin and myosin myofilaments in more detail makes it possible to see that the myosin has

structures resembling the arms arranged along its length.

These arms have structures called cross-bridges at their extremities. These bridges

have an affinity for actin myofilament, where the bond between the two myofilaments is

carried out. However, under normal conditions, this connection is prevented by a structure

called tropomyosin. Tropomyosin surrounds actin myofilament, so the link between cross-

bridges and active actin sites cannot occur. There is where the calcium ion acts. In actin

myofilament, troponin structures are distributed along its length.
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When bound to calcium ions, this structure displaces the tropomyosin so that the

active sites of the actin myofilament are exposed and able to bind to the cross-bridges.

Once bonded, the sliding of one throughout the other, and thus the shortening of the

sarcomere occurs.

Once the intracellular calcium concentration reaches high levels, the calcium pump

(SERCA) begins removing the calcium ion from within the cytoplasm by returning them

to the sarcoplasmic reticulum. Due to this decrease in intracellular calcium levels, there

is no binding between the calcium ions and the troponin. Thus, the active sites become

overlapped by the tropomyosin preventing the connection of the myofilaments and causing

the muscle to relax. Warren (62) presents an illustration of the whole CICR cycle.

2.2.4.1 Ca2+ Sparks∗

As discussed in Section 2.2.4, the calcium ion is crucial for shortening the myocyte

and, thus, generating the force necessary to eject the blood from the cardiac chambers.

However, despite the significant importance of these elements in the whole contraction

process, these ions can not be present in the cellular myoplasm. It is because the calcium

ions are responsible for the cellular contraction. Thus, since relaxation is another essential

movement (without relaxing, the chamber would not allow the entrance of blood within

it), the calcium ions must be removed from the intracellular medium to enable the cells to

relax. The SERCA pumps predominantly do this uptake of the calcium ions and store

them inside the SR.

Calcium Sparks in myocyte physiology are, by definition, a notable increase of

calcium ions at any specific localization of the cytoplasm medium. In other words, it is a

local increase in the intracellular calcium concentration. For instance, during the CICR

process, the synchronism of several calcium Sparks due to the whole cell excitation is

crucial to fill the entire intracellular medium with calcium leading to cell contraction.

Concerning the calcium Sparks, according to Cheng and Lederer (13), they can be

classified into two categories: an Evoked Spark and a Spontaneous Spark. The Evoked

Sparks (ES) are calcium Sparks that occur during the active phase of the cell. Once

stimulated, a cardiac myocyte performs an activity cycle until it restores the resting

condition. An illustration of this cycle can be seen in the AP phases. Another association

that can be made between this active cycle and the resting phase is the systole and diastole

movements. So, in a particular point of view, an ES is expected, and, in addition, under a

physiological pacing stimulation, it is crucial for correct cardiac functioning. Cheng and

Lederer (13, p. 1496) presents a line scan image of an ES in response to an AP stimulation.

Conversely, there are also Spontaneous Sparks (SS). On the contrary to the ES, a

SS occurs under an unstimulated condition. In this way, the SS are entirely unpredictable.

∗The concepts presented in this Section were based in the Cheng and Lederer (13) reference.
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The occurrence of an SS is not associated with previous signaling by the LCC or other

transmembrane currents. Instead, even if the transmembrane potential maintain in resting

condition (around -80mV), biological experiments still observe SS within the intracellular

medium(3, 9, 10). It has been concluded that a SS is associated with the stochasticity

present in RyRs dynamics, which, in turn, is related to the calcium concentrations in the

cytosol and the SR. Cheng and Lederer (13, p. 1496) also presents a line scan image of an

occurrence of a SS.

A punctual SS usually remains local and solitary and, in this condition, can be

seen as a physiological phenomenon. However, under non-control conditions such as, for

instance, an elevated intracellular calcium concentration, a single SS can trigger a neighbor

RyRs and initiate a wave propagation of calcium release into the cytosol. This process is

named as Spark-Induced Spark Activation. This spontaneous widespread calcium release

can lead to an asynchronous cell contraction and, thus, a pathological condition.

2.3 Computational Modeling of The Cardiac Electrophysiology

Heart activity involves several complex phenomena of different natures and scales.

Due to this complexity, several mathematical/computational models that model an AP have

been essential tools for a better understanding and study of these complex phenomena

of electrophysiology. This Section presents the computational modeling studies that

contributed to this area and were considered in developing this thesis.

2.3.1 Hodgkin and Huxley Model

The Hodgkin and Huxley (28) study (HH) presents a quantitative model for the AP

of a giant squid axon. Nevertheless, despite not having the original objective of simulating

the heart’s electrical activity, it is considered a cornerstone in the studies of this area.

This original study was so important that in 1963 the authors were awarded the Nobel

Prize in Medicine(37).

As presented in Section 2.2.1, an AP has four stages that constitute its cycle.

During the depolarization phase, the cell membrane becomes very permeable to sodium

due to the ion channel activities. Thus, it allows Na+ ions, present in greater concentration

in the extracellular medium, to diffuse into the intracellular medium. Due to this high

flow of Na+ ions into the cell, the transmembrane differential reaches positive values. In

the next phase, repolarization, the potassium channels open while the sodium channels

close. In this way, due to the concentration gradient, potassium diffusion rapidly towards

the extracellular medium, which restores the balance of the transmembrane differential.

This sudden outflow of K+ ions in the repolarization phase can cause the transmembrane

differential to reach values lower than at rest. In this case, the membrane is said to be

hyperpolarized.
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Keener and Sneyd (33, p. 200) presents the transmembrane potential, the AP, and

the conductivities of the INa and Ik currents over time. It can be noted how each current

affects the AP.

In order to present a structure of a simple model, three essential elements were

considered in the HH model: the cellular membrane, the sodium, and the potassium ion

channels that permeate it. The membrane is electrically represented as a capacitor with

capacitance Cm. Concerning the ion channels, in this model, there were considered three

representations and their respective currents: the sodium current INa, the potassium

current IK , and a constant leakage current IL.

Thus, the transmembrane potential Vm evolution over time is mathematically

described by
dVm

dt
= −

1

Cm

(Ic + Istim); (2.1)

where Istim is an input stimulus current; and the total transmembrane currents, Ic, is

calculated as

Ic = INa + IK + IL. (2.2)

The ionic channel currents INa, IK , and IL are mathematically defined as

INa = gNa(Vm − ENa), (2.3)

IK = gK(Vm − EK), (2.4)

and

IL = gL(Vm − EL); (2.5)

where g• are the perspectives conductivity parameter and the E• are the respective reversal

potential, also named as Nernst Equilibrium Potential (33, p. 80). Shepardson (55) shows

an illustration of the cell structures modeled by HH alongside an equivalent electric circuit

that models these cellular structures.

The HH model assumes that the IL conductivity, gL, is constant as well as the

Nernst potentials ENa, EK and EL. On the contrary, the conductivity of the sodium

channel, gNa, and the conductivity of the potassium current, gK , reads

gNa = gNam
3h, (2.6)

and

gK = gKn
4; (2.7)

where gNa and gK are constants that represents, respectively, the maximum conductivity

of the Na+ and K+ channels. The terms m and h are, respectively, dimensionless variables

of activation and inactivation of the INa current; and the term n is the variable associated

with both activation and inactivation of the IK current. These variables can been seen
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as a representation of the subunits of the respective ion channels, as discussed in Section

2.2.3.

To reproduce the biology associated with the subunits represented by the variables

m, h, and n, HH defined their evolution over time as

dm

dt
= αm(1−m)− βmm, (2.8)

dh

dt
= αh(1− h)− βhh, (2.9)

and
dn

dt
= αn(1− n)− βnn. (2.10)

The rates presented in Equations 2.8, 2.9, and 2.10 are voltage-dependent rates

and are mathematically described as

αm = 0.1 25−Vm

exp( 25−Vm
10

)−1
, αh = 0.07exp(−Vm

20
), αn = 0.01 10−Vm

exp( 10−Vm
10

)−1
,

βm = 4exp(−Vm

18
), βh = 1

exp( 30−Vm
10

)+1
, βn = 0.125exp(−Vm

80
).

The voltage-dependence presented in the rates equation follows the voltage-sensitivity

nature of the ionic channels considered by the HH model.

Based on the original HH model, the successor’s studies referenced these mathema-

tics models of the dimensionless variables m, h, and n as the Hodgkin and Huxley Gates

model. It is associated with these variables acting as gates that open and close themselves,

controlling the ion fluxes over the membrane. For a more detailed description and analysis

of the HH model, see Keener and Sneyd (33, p. 196).

Hodgkin and Huxley Gates Model

In the HH Model, the authors present ionic currents equations based on variables

such that these variables behave as gates allowing ions’ flux through the cellular membrane.

In this way, if we consider one single ionic channel, these variables, or gates, can be in two

different states: opened or closed. Besides that, they have explicit probabilities of changing

their state (α to open and β to close). Schematically, this dynamic can be illustrated as

shown in Figure 1.

Figure 1 – Schematic representation for Hodgkin and Huxley (28) Gate model.

C O

α

β

Source: Created by the author. (2023).
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Considering this two-state scenario, these probabilities α and β can be mathema-

tically described as follow. Given the amount of N channels, consider P the fraction

of channels in the open state O. Similarly, it can be seen 1 − P as the fraction of the

N channels that are in the closed state C. In a time step, the portion of channels that

switches to the open state can be described as the number of channels in the closed state

multiplied by the probability of a single channel opening. Mathematically, it can be

described as α× (1− P ). Similarly, the number of channels that switch from the opened

to the closed state can be described mathematically as β × P .

When the system is in equilibrium, the fraction of opened and closed states can be

compared as

α(1− P∞) = βP∞ (2.11)

where P∞ is the portion of the N channels in the opened state under the equilibrium

condition. In this way, P∞ can be calculated as

P∞ =
α

α + β
. (2.12)

If it is considered a system during a transitory condition, the fraction of channels in the

opened state, P , will vary over time as described by the Ordinary Differential Equation

(ODE)
dP

dt
= α(1− P )− βP. (2.13)

The solution for the ODE 2.13 can be described by

P = −Pinitialexp(−t/τ) (2.14)

where Pinitial is the initial condition of P and

τ =
1

α + β
. (2.15)

Thus, the transition rates α and β can be described in function of P∞ and τ using

a combination of the equations 2.12 and 2.15. Equations 2.16 and ?? presents, respectively,

the mathematical description for α and β rates.

α =
P∞

τ
(2.16)

β =
1− P∞

τ
(2.17)

As mentioned, several studies in cardiac electrophysiology ensued after the HH model

adopted this HH Gate formalism to simulate the ionic channels opening and closing

dynamics. As an object of study of this thesis, the ten Tusscher et al. (60), and the ten

Tusscher and Panfilov (61) are examples of using the HH Gate formalism.
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2.3.2 Ten Tusscher et al. Model

The model developed by ten Tusscher et al. (60) (TT) presents a mathematical

model for the electrophysiology of human ventricular cells, widely used to simulate

arrhythmias (22). The model is based on the HH framework and includes ionic currents

such as fast sodium, delayed rectifier potassium, inward rectifier potassium, L-type calcium,

and rapid and slow components of the transient outward potassium currents. In addition,

the model also includes a description of the intracellular calcium dynamics, which is crucial

for capturing the dynamics of the L-type calcium current. The model was calibrated using

experimental data from isolated ventricular myocytes and could reproduce a wide range of

physiological phenomena, including action potential duration and frequency dependence.

In CellML (12), it is shown a schematic representation of the cell and the structures

considered by the model.

In the same way as in HH, in TT, the cellular membrane is modeled as a dielectric

of capacitance Cm connected in parallel with resistors, expressing the ion channels, and

batteries, expressing pumps. The evolution of the transmembrane potential V over time

can be written as
dV

dt
= −

Iion + Istim
Cm

(2.18)

where Istim is an input stimulus current; and Iion is the sum of all the ionic currents

considered in the model. Equation

Iion = INa+ IK1+ Ito+ IKr + IKs+ ICaL+ INaCa+ INaK + IpCa+ IpK + IbCa+ IbNa (2.19)

presents the Iion mathematics.

As seen in Equation 2.19, unlike the HH base model, TT considers a more com-

prehensive range of currents. This model includes several ionic currents, such as the fast

sodium current (INa), the L-type calcium current (ICaL), the transient outward potassium

current (Ito), the rapid delayed rectifier potassium current (IKr), the slow delayed rectifier

potassium current (IKs), the inward rectifier potassium current (IK1), the sodium-calcium

exchanger (INaCa) current, the sarcolemmal calcium pump (IpCa), the slow inward rectifier

potassium current (INaK), the sodium-potassium pump current (IpK), and the respective

background currents of potassium (IbK) and sodium (IbNa). To validate the dynamics of

these currents, TT considered the ventricular myocyte model developed by Priebe and

Beuckelmann (48), and the atrial myocyte model developed by Courtemanche et al. (18).

In ten Tusscher and Panfilov (61) study, the authors reformulated the calcium

equation to better reproduce intracellular calcium dynamics in cardiac cells. According to

the authors, the original TT model was found to have limitations in its representation

of calcium dynamics, particularly during rapid changes in cellular excitation. The refor-

mulated equation in the ten Tusscher and Panfilov (61) paper improved the modeling of
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intracellular calcium dynamics, allowing for more accurate predictions of physiological

phenomena such as calcium transients and sarcoplasmic reticulum calcium release.

2.3.3 Ten Tusscher and Panfilov Model

The ten Tusscher and Panfilov (61) (TP) ventricular model is a revised version of

the TT model, with refinements made to the calcium handling mechanisms. The main

difference from the previous version was incorporating a more detailed description of the

calcium handling mechanisms, including reformulating the calcium equation to improve the

reproduction of experimental data. This improved representation of the calcium dynamics

allowed a better reproduction of physiological phenomena such as action potential duration

and frequency dependence. Additionally, the TP model included refinements to the sodium,

potassium, and calcium currents to better approximate experimental data. After that,

this model became one of the most used for computational simulations of human heart

cells (43). The new structure of the cellular model is shown by a schematic representation

presented in CellML (12).

As previously developed in the TT model, the variation of AP over time for single

cells was represented according to the following differential equation:

Cm
dV

dT
= −(Iion + Istim) (2.20)

where Cm is the membrane capacitance, Istim is the input stimulus current and Iion is the

total ionic current. In addition, the Iion current remained the same as described in the

TT (Equation 2.17).

The main improvement implemented in the TP model is associated with intracellular

calcium dynamics. This new version included a dynamic model of the ryanodine receptors

and reformulated the calcium equation to account for calcium-induced calcium release

from the SR through the RyR. This improved representation of calcium handling in the

SR allowed for better simulation of SR calcium release and reuptake dynamics. Besides

that, this new version also defined a specific calcium site denominated as dyadic subspace

(ss). This region comprises the location near the LCCs and the RyR.

With this new conformation, the LCCs allow the entrance of calcium into the

subspace. The calcium-sensitive RyR receive this slight increase in subspace calcium

concentration and act, allowing a massive release of calcium ions from the SR. The

exchanger INaCa and the pump IpCa take the calcium ion to the cell’s exterior. The Iup

calcium pump in the SR membrane returns the calcium for the interior of the organelle.

The Ileak current also models a calcium leak from SR to the intracellular medium. Finally,

the intracellular Ixfer current represents the flux of calcium ions from the subspace region

to the cytoplasm. ten Tusscher and Panfilov (61, p. H1091) shows a detailed representation

of these structures.
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The TP model is the central topic of this thesis study. Since the TP model has

defined the CICR phenomena in its formulation, this thesis adjusted this model to insert

the capacity to simulate the CICR process over a multiscale approach. Comprehending

the specific formulations of the LCCs and the RyRs is crucial for this thesis development.

2.3.3.1 Ten Tusscher and Panfilov LCC Model

The representation of the LCCs inside the TP model is through the ICaL current.

This current is described by an equation that includes four HH-based gates (d, f , f2, and

fcass), which control the activation and inactivation of the current over time. The specific

form of the LCCs gates in the TP model was modified from the original HH to fit and

adequately describe the experimental data behavior.

The L-type Ca2+ current ICaL from the TP model reads

ICaL = gCaldff2fCass4
(V − 15)F 2

RT

0.25[Ca]ssexp(
2(V−15)F

RT
)− [Ca]o

exp(2(V−15)F
RT

)− 1
, (2.21)

where gCaL is the maximum conductivity of the channel; V is the transmembrane potential;

[Ca]ss is the calcium concentration inside the subspace region; [Ca]o is the extracellular

calcium concentration; and R, T and F are physics constants. The variables d, f , f2, and

fcass are the HH-based gates.

Gate d simulates the activation of the ICaL current, assuming values close to 1,

indicating that the channel is fully open and allowing a large flow of calcium ions; gate f

simulates the inactivation of the current, assuming values close to 0, indicating that the

channel is closed and not allowing ion flow; gate f2 simulates a slow inactivation process,

which occurs over a longer time scale than the inactivation represented by f ; and fcass

gate simulates the rapid activation and deactivation kinetics of the calcium-activated slow

component of the ICaL current. In summary, gates d, f , and f2 are voltage-dependent,

and the gate fcass is calcium-dependent. Figure 2 presents the correlation of the ICaL

current and its four gates over time.
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Figure 2 – ICaL gates dynamics (left panel) in comparison with ICaL current (right panel)
of the ten Tusscher and Panfilov (61) model.

10.0 10.1 10.2 10.3 10.4 10.5
Time (s)

0.0

0.2

0.4

0.6

0.8

1.0

Op
en

in
g 

(d
im

en
sio

nl
es

s)

ICaL Gates

d
f
f2
fcass

10.0 10.1 10.2 10.3 10.4 10.5
Time (s)

6

5

4

3

2

1

0

Cu
rre

nt
 (p

A/
pF

)

ICaL Current

Source: Created by the author. (2023).

The ODEs that rule these four gates dynamics are based on HH formalism described

in Section 2.3.1. In this way, each one of the four gates has its respective α• and β•

transition rates. The dynamic of the gates over the time can also be mathematically

describe in terms of the •∞ and τ• variables. These equations reads

dd

dt
=

d∞(V )− d

τd(V )
, (2.22)

df

dt
=

f∞(V )− f

τf (V )
, (2.23)

df2
dt

=
f2∞(V )− f2

τf2(V )
, (2.24)

dfcass
dt

=
fcass∞([Ca]ss)− fcass

τfcass([Ca]ss)
; (2.25)

where d∞, τd, f∞, τf , f2∞, and τf2 are voltage-dependent rates; and fcass∞ and τfcass

are calcium-dependent rates. For more details of the four TP ICaL current formulation,

see ten Tusscher and Panfilov (61, p. 11).

2.3.3.2 Ten Tusscher and Panfilov RyR Model

The insertion of the Ryanodine Receptors (RyRs) mathematics was a considerable

improvement for the TP model, especially if it is considered the reproduction of the CICR

process. To do this incorporation, TP considered a reduced version of the four-state

Markov Chain (MC) used by Shannon et al. (53) and Stern et al. (56) to simulate the

same phenomenon in their study. ten Tusscher and Panfilov (61, p. H1092) illustrates the

original four-state Markov Chain model implemented by Shannon et al. (53) and Stern

et al. (56).

The states R, O, I, and RI are the four possible states and represent the resting

closed state, the open conducting state, the inactivated closed state, and the resting
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inactivated closed state. In addition, k1 and k2 are transition rates dependent on the

[Ca]SR; [Ca]ss is the subspace calcium concentration; k3 and k4 are constant rates.

The four-state model incorporates both influences of the subspace calcium concen-

tration (the trigger) and the sarcoplasmic reticulum calcium concentration (the load) on

receptor opening and closing dynamics by making the transition rates dependent on these

concentrations. These features are in accordance with the CICR process.

The reduced version used by TP consider only two-state MC model R and O. The

equation that describe their evolution over time is

dR

dt
= −k2[Ca]ssR + k4(1−R) (2.26)

where R = R +O; R is the resting closed state, and O is the open conducting state. The

equation to obtain the specific O value reads

O =
k1[Ca]2ssR

k3 + k1[Ca]ss
. (2.27)

Formulated using this reduced two-state MC, the RyR release current Irel imple-

mented in TP model is mathematically described by

Irel = VrelO([Ca]SR − [Ca]ss) (2.28)

where Vrel is the parameter to represent the maximum Irel conductance; O is the portion

of RyR in open state; [Ca]SR and [Ca]ss are, respectively the calcium concentration inside

the Sarcoplasmic Reticulum and in the dyadic subspace.

2.3.4 Deterministic versus Stochastic Modeling

Mathematical/computational models can be classified as deterministic or stochastic.

According to Caradec and Martorano (11), Deterministic Models are such as all their

formulations are based only on deterministic equations, in other words, equations that

do not involve random variables. These models will always generate the same outputs

considering the same starting condition. Conversely, the Stochastic Models are characte-

rized by stochastic terms in their formulations, such as Random Variables. Contrary to

the Deterministic Models, the outputs of the Stochastic Models are highly dependent on

the randomness present in the Random variables and, thus, even considering the same

starting condition, its results might be different for distinct realizations.

In deterministic models, it considers average values. In this way, a known input

data collection will always lead a given system to the same data set in the output. However,

a limitation of this model is the impossibility of analyzing the exclusive effect that each

input value could cause in the process since it considers the average between them (58).
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The presence of random variables in stochastic models describes the ionic currents

as random processes and incorporates statistical methods to represent the behavior of

ion channels. For instance, this approach considers the effects of noise and fluctuations

on the electrical activity of heart cells. Moreover, it allows for the simulation of multiple

realizations of the same system to estimate the variability of the outputs. These outputs

must be interpreted as a statistical result of the object of study (58).

Both approaches have advantages and disadvantages and are used for different

purposes in cardiac modeling. Stochastic models are more suitable for understanding the

effects of noise and fluctuations on the electrical activity of heart cells and, thus, more

suitable to achieve a more faithful reproduction of the real problem (58). The deterministic

models are better suited for understanding the relationships between ionic currents and

gating variables and their contribution to the electrical activity of heart cells.

In addition, as an object of study of this thesis, stochastic and deterministic models

are also directly associated with the scale of the scenario being modeled. Deterministic

models provide a deterministic description of the electrical behavior of the heart and are

used to model the overall heart behavior at the organ level. Stochastic models, on the

other hand, consider the influence of random processes such as ion channel fluctuations

and are used to model the behavior of individual cells. Stochastic models can be typically

used for simulations at a cellular or subcellular scale, while deterministic models are used

for simulations at an organ or systemic scale.
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3 METHODS

The main objective of this thesis is to propose and analyze a novel computational

model capable of reproducing the CICR dynamics of human ventricular cells in different

scales. This model could contribute to studies that aim to understand how the subcellular

structures correlate with the whole cell functions.

At the molecular level, the structure and function of individual ion channels and

transporters can be studied in detail. However, this approach raises the probabilistic

nature of the ion channel dynamics, and it is essential to consider this feature in studies

at this subcellular level. On the other hand, at the cellular level, it is possible to observe

the overall behavior of the myocyte, but it is more difficult to understand the underlying

mechanisms. In this case, the probabilistic nature of a single ion channel is suppressed by

the average behavior of thousands of these structures acting simultaneously.

This multiscale approach can be directly associated with the Stochastic and De-

terministic Models. As described in Section 2.3.4, the presence of random variables in

Stochastic models can adequately reproduce the probabilistic nature of a single ion channel.

On the other hand, the average assumptions considered in Deterministic models match

the macro scale nature.

The TP model is widely used to reproduce deterministic outputs of the left ven-

tricular human myocytes. Due to this, it was selected as the base model to develop the

multiscale model. However, as discussed, on a micro scale, the probabilistic nature of a

single ion channel must be present.

Considering the main object of study, the CICR process, and the choice by the TP

model, it is necessary to prepare this model to simulate the stochastic scenario. For this,

the Markov Chain structures are a powerful tool to capture this feature of ion channel

gating.

In the TP model, the RyRs dynamics, represented by the Irel current, are already

expressed using an MC-based formulation. However, the LCCs dynamics, represented by

the ICaL current, use HH gating-based mathematics. So, replacing the HH gating-based

LCCs opening dynamics with an MC-based version was the first and crucial step to turn

TP capable of performing stochastic simulations on the CICR process.

Moving forward, the label DTP will represent the Deterministic version of the

novel model proposed in this thesis. This new version will differ from the original TP,

particularly in its LCCs formulation. Lastly, binomial random variables were used in

the MC-based formulations to introduce the stochastic feature into the DTP. This new

modification is labeled as STP. The simulation experiments of the thesis were generated

using the STP model and compared with the DTP model.
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3.1 MC-Based ICaL Version

An extensively employed mathematical model based on an MC description to

simulate the electrophysiology of cardiac cells is described in Mahajan et al. (35) (MJ).

The main objective of the model presented in MJ is to accurately reproduce the cardiac

AP and the Intracellular Calcium Cycling at rapid heart rates. Starting from a previous

rabbit cardiac model (54), MJ modified the formulation of the ICaL current by replacing

it with a seven-state Markovian model. The ICaL equation proposed by MJ reads

ICaL = Po × ḡCa
4PCaV F 2

RT

cse
2(V F/RT ) − 0.341[Ca2+]o

e2(V F/RT ) − 1
, (3.1)

where Po is the Opening fraction of the channels (represented by a Markovian Open state),

ḡCa is the maximum conductivity parameter, V is the transmembrane potential, and cs is

the submembrane calcium concentration. The other terms are parameters of the model or

physical constants.

As described in Section 2.3.3, TP adopted the HH Gate-based approach to simulate

the opening fraction dynamics of the ICaL current. Rearranging the terms, the original

ICaL equation for the models reads

ICaL = dff2fcass ×GCaL
4(V − 15)F 2

RT

0.25csse
2(V−15)F/RT − [Ca2+]o

e2(V−15)F/RT − 1
, (3.2)

where d, f and f2 are the three voltage-dependent gates, and fcass is the calcium-dependent

one; GCaL is the maximum conductance of the current; V is the transmembrane potential;

and css is the subspace calcium concentration. The other terms are model parameters or

physical constants.

As can be seen, the two cited models, MJ, and TP, simulate the same phenomenon,

and, disregarding the parameters and the values of the physical constants, they use the

same equation to simulate the ICaL current. Furthermore, it is possible to read the ICaL

equation of the two models as a multiplication of two terms:

ICaL = Of × Imax; (3.3)

where Of is the channels Opening fraction and the Imax is the maximum current value

when all channels are open. In MJ model, this opening fraction term is represented by the

Markovian state Po and reaches peak levels around 10% of opening. On the other hand, in

TP model, this opening fraction is represented by the multiplication of the four gates d, f ,

f2, fcass, and reaches the peak of around 90% in the opening levels. In the first moment,

this difference in the amplitude of the opening fraction values can look weird. However, it

is important to highlight the different natures that each model assumes. For instance, MJ

focus on models for the cardiac cells of rabbits. In contrast, TP propose models for the

cardiac cells of humans.
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Therefore, the difference observed in Figure 3, showing the dynamics of the opening

fraction, Of , and the ICaL current over the time for the models from MJ, and TP, may be

due to the differences between rabbits and humans.

Figure 3 – Output dynamics generated by the simulation of the models Mahajan et al.
(35) (MJ), and ten Tusscher and Panfilov (61) (TP). Left panel shows the ICaL Opening
Fraction, Of ; right panel shows the ICaL current.
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As stated above, there are two approaches to model the opening fraction dynamics.

MJ use an MC-based structure, while TP use a Gate-based formulation. However, as

discussed by MJ, the use of an MC-based approach naturally models the ion channel

biophysical properties in terms of molecular transitions between discrete conformation

states.

The first goal of this work is to propose and test a new MC-based ICaL model that

can replace the opening fraction, Of , composed by the four gates d, f , f2, fcass, initially

used in TP model. To achieve this, the MC-based ICaL was initiated using the MJ model

as a starting point. At the end of the process, a novel version, DTP, of the original TP

model was generated. Figure 4 shows the schematic representation for this novel version.
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Figure 4 – Schematic representation of the novel MC-based ten Tusscher and Panfilov (61)
Model (DTP) with the insertion of the MC-based ICaL model proposed by Mahajan et al.
(35).
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As can be noted by comparing the schematic representation of the original TP

model, Figure ??, with the schematic representation of the novel DTP model, Figure 4,

the only difference in their mathematics is the substitution of the gating-based equations

that drive the original TP ICaL current opening fraction by the MC-based formulation

from the MJ model. This replacement is composed of two primary processes. The first

one is the definition of the new MC formulation. Since it will modify the original TP

model, it is necessary to do a fitting procedure to recover the original TP model outputs.

Section 3.1.1 presents the method used to define the MC topology and rates. Section

3.1.2 presents the method to fit the new MC-based formulation to maintain the original

TP outputs.

The method and results obtained in the DTP ICaL reformulation were extensively

tested, and the whole study was published in Novaes et al. (39).

3.1.1 DTP ICaL Formulation

Considering that a single generic HH gate g can assume only two states (O - Open,

and C - Close), a two-state Markovian model can be generated for this gate, calculating

the transition rates g+ (rate of the transition C → O) and g− (rate of the transition

O → C) as

g+ =
g∞
τg

(3.4)
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and

g− =
1− g∞

τg
, (3.5)

where g∞ and τg are equations defined by the HH Gate-based formalism as described in

Section 2.3.1.

As discussed in Section 2.3.3.1 , applying this analysis to the four gates from the

TP model, it is possible to calculate all the rates that control the dynamics between the

Open and Close states for each gate. Figure 5A illustrates these single MCs for each of

the four gates and their respective transition rates. The construction of the MC-based

ICaL current for the DTP model was based on these eight transition rates.

Once the transition rates were defined, it was necessary to set the MC topology.

This thesis proposition adopted the minimal seven-state MC arrangement proposed by

MJ. Figure 5B illustrates the original MJ MC for their ICaL formulation.

Thus, to transform the original ICaL current formulations from the Gate-based

models into the MC-based, it was combined the rates of the HH formalism, Figure 5A,

with the consolidated ICaL MC-based topology, Figure 5B. This combination has resulted

in the proposed MC-based model presented in Figure 5C. In addition, to adjust this new

MC-based model to reproduce the original TP human model, there were introduced a set

of eleven parameters that multiply some of the MC transition rates: x = {xi|xi ∈ R and

i = 0− 10}.
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Figure 5 – Schematic representations of the three markov chain structures considered in
this study. A: The four independent Markov Chains for each gate of the ten Tusscher
and Panfilov (61) model considering only two possible states, Open (O) and Close (C) for
each one. B: The original structure of the Markov Chain used by Mahajan et al. (35) to
simulate the ICaL phenomenon. C: The DTP Markov Chain created as a combination of the
Hodgkin and Huxley (28) formalism rates and the Mahajan et al. (35) topology, to replace
the gates in the ten Tusscher and Panfilov (61) model. The MC transitions generated
considering the Hodgkin and Huxley (28) gates d, f , and f2 are shown respectively in blue,
green, and yellow. The calcium-dependent function f and the rates associated with the
calcium concentration are shown in red. The set of parameters x used to fit both calcium-
dependent rates (parameters x0 to x4) and voltage-dependence rates (parameters x5 to x10)
are shown in black. The CD red transitions represent the Calcium-Dependent transitions
of the MC. The VD black transitions represent the Voltage-Dependent transitions of the
MC.

Source: obtained from Novaes et al. (39).

The first five fitting parameters, x0 up to x4, are used to handle the MC calcium

sensitivity. Considering the MC top layer, states If and I ′f , as the calcium-dependence

layer, these five parameters are related to calcium-dependence. The first two parameters,
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x0 and x1, compose the calcium-dependent equation

f(c, x0, x1) =
1

1 + (x0c̄p/c)x13
, (3.6)

originally adapted from the MC proposed by MJ. The other three parameters, x2, x3, and

x4, multiply, respectively, the calcium-dependent function f presented in the rates C → If ,

C ′ → I ′f , and O → I ′f .

Conversely, the voltage-dependence appears in all MC states and rates. The top

layer, states If and I ′f , and the fitting parameters x5 and x6 are associated with the voltage

dependence behavior of the gate f ; the bottom layer, states If2 and I ′f2, and the fitting

parameters x9 and x10 are associated with the voltage dependence behavior of the gate

f2; and the main layer, states C, C ′, and O, and the fitting parameters x7 and x8 are

associated with the voltage dependence behavior of the gate d. Concerning the fitting

process, x5 and x6 are used to fit the voltage dependence (top layer); the parameters x9

and x10 are used to fit the bottom layer, and x7 and x8 are used to fit the main layer. To

see a more detailed description of the new MC model, please see Appendix A.

3.1.2 DTP ICaL Fitting Procedure

In Section 3.1.1, it was proposed an MC-based model to use in the ICaL formulation

for the TP model replacing the gate-based opening fraction equations. Next, adjusting

the MC fitting parameters set x is necessary to reproduce the original outputs.

The fitting procedure has one primary objective: to find the eleven parameters

xi that make the Opening fraction of the new MC-based model able to reproduce the

original Gate-based opening values. As it replaced the ICaL Opening fraction, once its

dynamics are recovered, it also recovers the ICaL current and, consequently, all the other

model outputs, such as the AP and intracellular calcium outputs.

As can be seen in Equation 3.2, the multiplication dff2fcass determines the Opening

fraction, Of , for the TP model. The curves generated by this model are shown in Figure

3A.

The goal is to replace these opening fraction terms with the proposed MC-based

open state and find a parameter set x capable of recovering the original model outputs.

So, this process can be seen as a minimization problem where the objective is to find the

best set of parameters x that minimizes the error between the new MC-based ICaL curve

of the DTP model and the original TP. As a minimization problem, it is necessary to

choose the objective function, or fitness function, F . The target was defined as the ICaL

curve of the eleventh pulse (after a series of stimulated AP pulses). So, for each individual,

or candidate set x, the F function reads

F (x) =

√
√
√
√

11s∑

t=10s

(ICaLMC
(x, t)− ICaLTP

(t))2

ICaLTP
(t)2

, (3.7)
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where ICaLTP
is the calcium current of the TP gate-based model, and the ICaLMC

is the

calcium current generated by the new MC-based model using the parameter set x. To

obtain the ICaL curves for both DTP, and TP models, they were simulated using a pacing

of 1Hz.

To solve the optimization problem, it was used the Differential Evolution (DE)

algorithm available in the Python library Pygmo (7). In the DE field, each set of parameters

x is labeled as an individual or possible solution. Moreover, a set of individuals, or solutions,

is labeled as a population. The primary purpose of an evolutionary algorithm as DE is to

begin from a random initial population and, generations over generations, to evolve this

population to find individuals, or solutions, that better solve the minimization problem.

For more details about the DE algorithm, please see Price (47).

To execute the DE, the population size was set to 100 individuals, and, to generate

the initial population used by the algorithm, it was used the Latin Hypercube method

available in Python library SMT (8). The number of generations of the algorithm was set

to 50. So, at the end of the DE execution, it will have 50× 100 possible solutions. The

optimization algorithm is constrained by imposing limits for each one of the parameter.

The search space S for the parameters was set as S = {S ⊂ R
11|0.1 ≤ si ≤ 5.9}, where si

is the search space of the respective parameter xi. All the other algorithm settings were

adopted as the standard values implemented by the Pygmo library. To see more details

about its settings, please see Biscani et al. (7).

3.1.3 Definition of a Calcium Release Unit in DTP Model

Considering the DTP model presented in this Section, one single CRU comprises

the main structures involved in the CICR process. So, each CRU has its own ionic currents:

ICaL, Irel, Iup, Ileak, Ixfer, IbCa, IpCa, and the INaCa; and its own calcium concentrations:

[Ca]i, [Ca]ss and the [Ca]SR. At this point, it can be adopted the notation Iu
•

and [Ca]u
•

to represent the ionic currents and the calcium concentrations belonging locally to the

CRU u.

In summary, considering the scope of the DTP model, Table 1 presents the

description of the structures that compose a single CRU u.



45

Table 1 – Structures of the MC-based version of the ten Tusscher and Panfilov (61) model
that compose a single CRU u.

Ca2+ Currents Description

IuCaL L-Type Calcium Current
Iurel Ryanodine Receptors Release Current
Iuup SERCA pump
Iuleak Small SR Leak Current
Iuxfer Calcium Flux From the [Ca]ss to [Ca]i
IubCa Transmembrane Ca2+ Background Current
IupCa Transmembrane Ca2+ Pump Current
IuNaCa Sodium-Calcium Transmembrane Exchanger

Ca2+ Concentrations Description

[Ca]ui Intracellular Calcium Concentration
[Ca]uss Subspace Calcium Concentration
[Ca]uSR Sarcoplasmic Reticulum Calcium Concentration

Source: Created by the author. (2023).

Figure 6 presents an illustration of the DTP model highlighting the single CRU

present in it.

Figure 6 – Schematic representation of the novel MC-based ten Tusscher and Panfilov (61)
Model highlighting, in red, the structures that compose a single CRU u.
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Source: created by the author. (2023).

Another important definition of a CRU is the amount of LCCs and RyRs inside

it. Although each CRU has only one representation of the ICaL and IRyR current, each
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respective current is the result of a cluster of many channels (64). Considering a human

left ventricle myocyte, the amount of LCCs inside each CRU varies from 2 to 10, and the

amount of RyRs varies from 10 to 50 (2, 29, 21, 32). In terms of notation, mathematically,

it could be written that the number of LCCs inside the CRU u is

Nu
LCC = {l ∈ N|2 ≤ l ≤ 10}, (3.8)

and the number of RyRs inside the same CRU u is

Nu
RyR = {r ∈ N|10 ≤ r ≤ 50}. (3.9)

Thus, it is crucial to introduce these variables in the DTP model in order to make

it capable of simulating the variations in these values. For that, a modification of the local

IuCaL and Iurel mathematics is necessary.

Considering a single CRU u, the initial equations for the local IuCaL and Iurel currents

reads

IuCaL = Of
u
LCC ×GCaL

4(V u − 15)F 2

RT

0.25[Ca]usse
2(V u

−15)F/RT − [Ca2+]o
e2(V u

−15)F/RT − 1
, (3.10)

and

Iurel = Of
u
RyR × Vrel([Ca]uSR − [Ca]uss) (3.11)

where Of
u
LCC and Of

u
RyR represents the respective opening fractions of the LCCs and RyRs

inside the CRU u. This initial assumption can adequately describe an infinite number of

those channels since Of
u
•

represents the total channels opening fraction. However, it is

not the most appropriate to describe a real myocyte since this cell has a finite number of

LCCs and RyRs. To introduce these finite values into the Equations 3.10 and 3.11, the

new IuCaL and Iurel mathematics became

IuCaL =
Ou

LCC

Nu
LCC

×GCaL
4(V u − 15)F 2

RT

0.25[Ca]usse
2(V u

−15)F/RT − [Ca2+]o
e2(V u

−15)F/RT − 1
, (3.12)

and

Iurel =
Ou

RyR

Nu
RyR

× Vrel([Ca]uSR − [Ca]uss) (3.13)

where, in this new formulation, Ou
LCC and Ou

RyR represent, respectively, the absolute finite

number of LCCs and RyRs in the Open state inside the CRU u.

With the insertion of the variables Ou
LCC and Ou

RyR in the DTP model, it became

capable of simulating experiments under a multiscale approach since it is possible to vary

the number of channels that compose each CRU u. In this way, it is expected to reproduce

the micro scale when using a small number of ion channels. As soon as these values are

increased, the simulations might reproduce the macro scales.

Nevertheless, when using DTP to simulate microscale experiments, one crucial

feature remains to be implemented in the model: stochasticity. Section 3.1.4 presents the

method used to insert the stochasticity feature in the DTP and, thus, the generation of

the Stochastic version of the model. This Stochastic version is labeled as STP.
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3.1.4 DTP Stochastic Version

Up to this point, although the DTP model can perform simulations considering

small quantities of LCCs and RyRs acting in the CICR process, it still needs to consider

the stochasticity encountered in the micro scale since all its formulations are composed of

deterministic algebraic equations. Regarding that this study has the objective of proposing

a novel computational model capable of simulating the phenomena associated with the

CICR process on a micro scale, this stochasticity feature must be present in the model

formulation. In this way, Random Variables were used to replace strategic formulations of

the DTP model directly associated with the CICR process.

To achieve this, we selected the formulations of the two Markov Chains existing

in the model, the IuCaL and the Iurel, which were associated, respectively, with the L-type

Calcium Channels and Ryanodine Receptors. We replaced all the transitions between the

states that compose the respective MCs with stochastic formulations based on Random

Variables. To describe this replacement, let’s consider the Irel MC formulation.

As written in Equation 3.13, the Iurel mathematics reads

Iurel =
Ou

RyR

Nu
RyR

× Vrel([Ca]uSR − [Ca]uss),

where Ou
RyR is the number of RyR in the Open state, Nu

RyR is the total number of RyR

channels, Vrel is the velocity of the ion release, [Ca]uSR is the Sarcoplasmic Reticulum

Calcium concentration, and [Ca]uss is the Dyadic Subspace Calcium concentration. This

open state expressed by the variable Ou
RyR is part of a four-state MC that controls all the

current dynamics. The MC is composed by the I state that represents an Inactivated

closed state, the R state that represents a Resting closed state, the RI that represents a

Resting Inactivated closed state, and the O that represents the Open conducting state.

Figure 7 presents an illustration of the four-state MC and its transitions used to represent

the dynamics of the RyR channels conformation.
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Figure 7 – Four-state Markov Chain used to represent the states that the RyR channels
can assume. The state I represents an Inactivated closed state, the state R represents a
Resting closed state, the state RI represents a Resting Inactivated closed state, and the
state O represents the Open conducting state.
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Source: created by the author. (2023).

All the dynamics of the four-state MC can be described by four ODEs that calculate

the variation of the number of channels in each state. The equations for this variation

over the time of each state reads

dI

dt
= k1[Ca]2ssRI + k2[Ca]ssO − k3I − k4I, (3.14)

dR

dt
= k3O + k4RI − k1[Ca]2ssR− k2[Ca]ssR, (3.15)

dRI

dt
= k2[Ca]ssR + k3I − k1[Ca]2ssRI − k4RI, (3.16)

dO

dt
= k1[Ca]2ssR + k4I − k2[Ca]ssO − k3O; (3.17)

where [Ca]ss is the Dyadic Subspace calcium concentration and k• are the transition rates

parameters.

One of the intrinsic features of this kind of MC model is the mass conservation

law. Mathematically, it can be noticed by summing all the derivative equations and seeing

that the result must be zero. Considering the whole MC system, it means that the total

number of elements present over all states is preserved. Regarding this feature in the ionic

channels context, it makes sense since the total number of channels does not change. The

total number of ionic channels must be preserved while their state must change.

In this way, each ODE that composes the four-state MC model can be seen as a

summation of the ionic channels that change their conformation for the characterized state

(positive terms) and ionic channels that changed their conformation from the represented

state (negative terms) in a fraction of time dt. To illustrate, let us use the Open state

ODE. According to Equation 3.17, the Open state ODE comprises two positive and two

negative terms. The first and second positive terms represent the number of channels that
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changed their state from the R state, and from the I state to the O state. Conversely, the

two negative terms represent the number of channels that changed their state from the O

state to the I and R state. Visually, it can be written as

variation of
the channels in
O state by dt
︷︸︸︷

dO

dt
=

channels from
R state

︷ ︸︸ ︷

k1[Ca]2ssR +

channels from
I state
︷︸︸︷

k4I −

channels to
I state

︷ ︸︸ ︷

k2[Ca]ssO −

channels to
R state
︷︸︸︷

k3O .

(3.18)

As with any other ODE, the Open state derivative can be solved by applying the

Explicit Euler Method. In addition, as with any deterministic Initial Value Problem, the

Euler method will always generate the same output results if applied using the same initial

value. Considering the macro scale, in other words, the clustering of several channels in a

single representation, this deterministic solution is feasible since the average obtained by

this clustering must generate the same outputs. However, this deterministic feature must

give way to the stochastic nature on a micro scale.

Therefore, to introduce this stochastic nature into the MC model, its ODEs

formulations were rewritten replacing the deterministic terms with Binomial random

variables. In a general view, a Binomial random variable represents the number of

successes x in n repeated trials of a binomial experiment∗. Mathematically, a generic

Binomial random variable δ can be written as

δ = Binomial(p, n), (3.19)

where p is the probability to have success, and n in the number trials.

In this way, each term that composes the ODEs of the MC model can be rewritten

as a Binomial random variable that represents the Binomial experiment where the number

of trials is the number of ionic channels in the chance to do a transition, and the probability

of having success, or doing the transition by the period of dt time, is a multiplication of

the transition rate by the value of dt.

Let us take the Open state ODE to illustrate this exchange of the deterministic

terms by the stochastic ones. From Equation 3.17, its ODE reads

dO

dt
= k1[Ca]2ssR + k4I − k2[Ca]ssO − k3O.

Rearranging the terms, the same Equation can be written as

dO = (k1[Ca]2ss × dt)R + (k4 × dt)I − (k2[Ca]ss × dt)O − (k3 × dt)O. (3.20)

∗A binomial experiment is a statistical trial characterized by two possible outcomes, typically referred
to as “success” and “failure”. It involves a fixed number of independent and identical trials, each with the
same probability of success.
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where dO represents explicitly a number of channels that varied around the Open state

during dt time.

So, the stochastic version for the same variable dO, number of channels that varied

around the Open state during dt time, can be written as

∆O = δRO + δIO − δOI − δOR, (3.21)

where ∆O is the total number of channels that varied around the O state; δRO is the

Binomial random variable that represents the number of channels that change their state

from R to O, calculated as

δRO = Binomial(k1[Ca]2ss × dt, R); (3.22)

δIO is the Binomial random variable that represents the number of channels that change

their state from I to O, calculated as

δIO = Binomial(k4 × dt, I); (3.23)

δOI is the Binomial random variable that represents the number of channels that change

their state from O to I, calculated as

δOI = Binomial(k2[Ca]ss × dt, O); (3.24)

and δOR is the Binomial random variable that represents the number of channels that

change their state from O to R, calculated as

δOR = Binomial(k3 × dt, O). (3.25)

Visually, the Equation 3.21 can be written as

variation of
the channels in
O state by dt
︷︸︸︷

∆O =

channels from
R state
︷︸︸︷

δRO +

channels from
I state
︷︸︸︷

δIO −

channels to
I state
︷︸︸︷

δOI −

channels to
R state
︷︸︸︷

δOR . (3.26)

The insertion of the stochastic nature into the CICR process modeled by the

DTP model was done by applying this approach using Binomial random variables in the

four-state MC formulations used to simulate the Irel current, and in the seven-state MC

formulations used to simulate the ICaL current. After that, the Stochastic version of the

model, the STP model, was defined.

3.1.5 Spatial Model Version

The simulations performed by the STP model can give insight into how the

stochasticity may behave as soon as the parameters alter between the extremes scale, the

micro, and the macro scale. This conversion is conducted by increasing the number of
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LCCs and RyRs inside the CRU. However, considering this thesis focuses on the CICR

process, ionic diffusion is another essential factor that has a role in this process.

As the STP model consider only one CRU, it merges all the LCCs and RyRs in a

single structure and, consequently, in a single representation of the respective currents ICaL

and IRyR. To illustrate this condition’s limitation, considering the arrangement obtained

using the single CRU with 4 LCCs and 20 RyRs for the whole cell is distant from a natural

scenario (1, 2, 31). However, these values of LCCs and RyRs are appropriate values to

compose the single CRU. The mistake appears in considering one single CRU.

To avoid this mistake, it was created a spatial version of the STP model composed

of a two-dimensional grid of NxN CRUs. Using this NxN grid, the computational model,

as a whole, became composed of N2 CRUs, with, as described in Section 3.1.3, each CRU

u having its variables. Figure 8 presents an illustration of the structures that compose a

CRU, and Figure 9 shows an illustration of different NxN CRUs grid conformations.

Figure 8 – Schematic representation a single CRU u that compose the STP model.

Source: created by the author. (2023).
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Figure 9 – Illustrations of different NxN CRUs Grid conformations.

(a) 2x2 CRUs Grid Conformation (b) 4x4 CRUs Grid Conformation

(c) 8x8 CRUs Grid Conformation (d) 16x16 CRUs Grid Conformation

Source: created by the author. (2023).

Other important definitions are the local and global variables. Since the model is

composed of a NxN grid of CRUs and each CRU u is composed of a set of variables as,

for instance, the IuCaL current, let us assume each one of these values as local variables.

Meanwhile, a global value of these variables is necessary to calculate the others composing

the model, such as the AP. So, in this way, the global variables were defined as the average

of all local values.

To exemplify the correlation between the local and the global variables, let us use
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the AP equation. The AP equation of the STP model reads

dV

dt
= −

INa + IK1 + Ito + IKr + IKs + IbNa + IpK + INaK + ICaL + INaCa + IpCa + IbCa

Cm

.

(3.27)

To facilitate the visualization, the Equation 3.27 can be separated into two parts considering

the calcium dependence of the currents. In this way, the currents are separated as currents

that are inside the CRUs or not. So, the same equation can be displayed as

dV

dt
= −

INa + IK1 + Ito + IKr + IKs + IbNa + IpK + INaK +

calcium-dependent
︷ ︸︸ ︷

ICaL + INaCa + IpCa + IbCa

Cm

,

(3.28)

where ICaL, INaCa, IpCa and IbCa are, respectively, the global values of the L-type Calcium

Current, Sodium-Calcium exchanger, Calcium pump and the Background Calcium current.

These global values are calculated as

ICaL =
1

N2

N2
∑

u=1

IuCaL (3.29) INaCa =
1

N2

N2
∑

u=1

IuNaCa (3.30)

IpCa =
1

N2

N2
∑

u=1

IupCa (3.31) IbCa =
1

N2

N2
∑

u=1

IubCa (3.32)

where the currents Iu
•

are the local values of the current I• within the CRU u.

To illustrate the relation between the local and global values, Figure 10 presents

the traces of all local [Ca]ui traces compared with their global value obtained from a 16x16

grid simulation.
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Figure 10 – Comparison between all 256 local [Ca]ui free traces (black lines) alongside the
global [Ca]ifree (red line).
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Source: created by the author. (2023).

The same approach was used for the whole model equations, where an interface

between the local and global calculations was necessary. In conclusion, it will be used the

notation •u for the local value of the variable •.

The NxN grid conformation also allows to insert the ionic diffusion into the model.

Since it represents a spatial distribution of the CRUs, it is reasonable to implement the

diffusion of the calcium ions within these units.

3.1.5.1 Diffusion Flux

The implementation of the NxN grid of CRUs allows to analyze the effects of the

calcium diffusion on the whole model behavior.

The original TP model and, consequently, the STP version proposed in this

thesis have defined three calcium concentrations: Intracellular Calcium Concentration

([Ca]i), Sarcoplasmic Reticulum Calcium Concentration ([Ca]SR), and Diadic Subspace

Concentration ([Ca]ss). These variables have total concentrations, free plus buffered

concentrations. Mathematically, algebraic equations correlate the total, the buffered, and

the free portions of these concentrations. These equations reads







[Ca]ibuff =
[Ca]i×Bufi
[Ca]i+Kbufi

,

[Ca]i = [Ca]ifree + [Ca]ibuff ,

(3.33)







[Ca]SRbuff =
[Ca]SR×Bufsr
[Ca]SR+Kbufsr

,

[Ca]SR = [Ca]SRfree + [Ca]SRbuff ,

(3.34)







[Ca]ssbuff =
[Ca]ss×Bufss
[Ca]ss+Kbufss

,

[Ca]ss = [Ca]ssfree + [Ca]ssbuff .

(3.35)

The diffusion term was implemented only in the Intracellular and the Sarcoplasmic
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Reticulum Calcium Concentrations of each CRU u, respectively, [Ca]ui and [Ca]uSR. It was

considered that the free Diadic Subspace Calcium concentrations, the [Ca]uss, are local

values and affect only the structures within its CRU.

Based on the original model, the equations for the local variables [Ca]ui and [Ca]uSR
are

d[Ca]ui
dt

= −
IubCa + IupCa − 2IuNaCa

2VcF
+

Vsr

Vc

(Iuleak − Iuup) + Iuxfer (3.36)

and
d[Ca]uSR

dt
= (Iuup − Iuleak − Iurel). (3.37)

With the implementation of the two-dimensional grid, besides the time variation, the

[Ca]ui and [Ca]uSR dynamics had two more spatial variables, the x-axis, and the y-axis.

This way, the Equations 3.36 and 3.37 became Partial Differential Equations (PDE) and,

with the addition of the diffusion term ∇ · Ju
•
, the updated mathematics for the respective

equations reads

∂[Ca]ui
∂t

= −
IubCa + IupCa − 2IuNaCa

2VcF
+

Vsr

Vc

(Iuleak − Iuup) + Iuxfer −∇ · J
u

i
(3.38)

and
∂[Ca]uSR

∂t
= (Iuup − Iuleak − Iurel)−∇ · J

u

SR
. (3.39)

where J
u

i
= −Du

i ∇[Ca]ui , J
u

SR
= −Du

SR∇[Ca]uSR. In this thesis, the diffusion factors

Du
i and Du

SR were defined as both being isotropic. So, Du
i = Du

i,x = Du
i,y and Du

SR =

Du
SR,x = Du

SR,y. Besides this, both diffusion factors were defined as uniform over the whole

two-dimensional grid. So, Du
i = Di and Du

SR = DSR.

Thus, the [Ca]ui Equation (3.38) can be rewritten as

∂[Ca]ui
∂t

= −
IubCa + IupCa − 2IuNaCa

2VcF
+

Vsr

Vc

(Iuleak − Iuup) + Iuxfer +Di∇ · ∇[Ca]ui . (3.40)

= −
IubCa + IupCa − 2IuNaCa

2VcF
+

Vsr

Vc

(Iuleak − Iuup) + Iuxfer +Di∆[Ca]ui .

From Equation 3.33, the variable [Ca]ui can be replace by the sum [Ca]ui free + [Ca]ui buff .

Thus, Equation 3.40 can be rewritten as

∂[Ca]ui
∂t

= −
IubCa + IupCa − 2IuNaCa

2VcF
+

Vsr

Vc

(Iuleak − Iuup) + Iuxfer +Di∆([Ca]ui free + [Ca]ui buff ).

(3.41)

According to the Additivity Property of the Laplacian operator, Equation 3.41 can be

rewritten as

∂[Ca]ui
∂t

= −
IubCa + IupCa − 2IuNaCa

2VcF
+
Vsr

Vc

(Iuleak−Iuup)+Iuxfer+Di∆[Ca]ui free+Di∆[Ca]ui buff .

(3.42)
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In this way, Equation 3.42 presents the [Ca]ui time variation in the function of

the ionic currents and the diffusion terms. Concerning diffusion terms, they represent

the diffusion of two portions that compose the intracellular calcium concentration: the

free and the buffered calcium. However, once the buffered portion of calcium ions are

bonded to specific proteins, they do not diffuse over the cell. Thus, inserting this physical

condition into Equation 3.42, it became

∂[Ca]ui
∂t

=
−

IubCa + IupCa − 2IuNaCa

2VcF
+

Vsr

Vc

(Iuleak − Iuup) + Iuxfer+

+Di∆[Ca]ui free +
✘
✘
✘
✘
✘
✘
✘✘✿

0
Di∆[Ca]ui buff

= −
IubCa + IupCa − 2IuNaCa

2VcF
+

Vsr

Vc

(Iuleak − Iuup) + Iuxfer +Di∆[Ca]ui free

(3.43)

Finally, Equation 3.43 was the final Equation used to represent the [Ca]ui dynamics in the

two-dimensional version of the STP model. In an analog description, it can be deduced

that the final Equation for the [Ca]uSR dynamics reads

∂[Ca]uSR
∂t

= (Iuup − Iuleak − Iurel) +DSR∆[Ca]uSRfree. (3.44)

For both [Ca]ui and [Ca]uSR PDEs, it was considered the Neumann Boundary condition.

Mathematically it reads

∇[Ca]ui · n = 0 (3.45) ∇[Ca]uSR · n = 0, (3.46)

where n is the unit normal vector pointing outward from the boundary.

3.2 Simulation Experiments

As a multiscale model, the novel ten Tusscher and Panfilov (61) model proposed

by this thesis and presented in Section 3.1 must be capable of performing simulations both

on macro and micro scales. For that, it is required to define these two scenarios in this

thesis scope.

As mentioned in Section 1, this thesis is focused on the intracellular calcium

dynamics represented by the CICR process. So, in this context, the macro scale must

present the CICR process and its main variables at a cellular level. For that, the DTP model

results will be adopted as the reference values for this scale. It was defined considering

that it is a well-accepted cellular model widely used in the literature, even for higher

scales such as tissue simulations. Conversely, the micro scale scenario must present the

stochastic nature of the ionic channels and, thus, the stochastic nature of the whole CICR

process. The stochasticity presented at this level might lead to the critical phenomena of
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the Spontaneous Sparks (Section 2.2.4.1 ). As reference values at this micro scale model,

some values obtained in the literature were considered.

Since the novel MC-based model proposed in this thesis can simulate the ionic

channels in different states of conformation, it must be capable of reproducing the local

ionic channel behaviors and their stochasticity as observed on micro scale. Furthermore,

as soon as some specific model variables assume values from a macro scale scenario, the

same model must be capable of reproducing the reference results expected at this level.

Simulations were performed in two conditions to see this central feature of the

proposed STP model. The first condition is considering that a cell is composed of only

one CRU. To create a pattern in the labels, the label “1x1” will be used to refer to this

first condition. In the second condition, it was considered that a cell is composed of a

two-dimensional grid of NxN CRUs. Sections 3.2.1 and 3.2.2 describes in detail these

two conditions of simulations.

3.2.1 1x1 CRU Computational Experiments

Considering the novel STP model proposed in this thesis, the condition in which

the cell is composed of one single CRU, or 1x1 CRU, is a reproduction of the DTP model

but with the stochasticity nature acting in the ICaL and Irel currents within the calcium

unit. Figure 6 presents a schematic representation of this 1x1 composition showing the

single CRU in the red area.

To use this condition to simulate the opposite scales, micro and macro scales, the

experiments were performed by varying the number of LCCs inside this single unit, ranging

from 1 to 32768, using the rule of doubling the number of LCCs at each set of experiments.

So, mathematically, the number of LCCs was ranged as

NLCC = {2i|i ∈ N and i = 0− 15}. (3.47)

Based on literature (5, 50), for each value assumed by the NLCC , the assigned value of

NRyR was set as

NRyR = 5×NLCC . (3.48)

For each value for NLCC and, consequently, NRyR, a set of 110 pulses in a row were

simulated using a pacing rate of 1Hz. The first ten pulses were disregarded. This protocol

generated a total of 100 pulse outputs for each value assumed by NLCC and NRyR.

To quantify the stochasticity obtained in each set of simulations, it was considered

the amount of influx of ion calcium from the sarcoplasmic reticulum to the intracellular

medium through the Irel current over the cycle of one second after the stimulation instant.

Mathematically, this influx of calcium can be calculated as

S(Irel) =
t+1s∑

t

Irel(t)× dt, (3.49)
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where t represents the instant the model is stimulated.

The results of the respective summations S(Irel) are expressed using the descriptive

measures of the set of realizations. Besides the variable S(Irel), the traces of the varia-

bles Action Potential (AP), Free Intracellular Calcium Concentration ([Ca]ifree), L-type

Calcium Current (ICaL), and the Calcium Release through the RyR (Irel), obtained from

each one of the 100 pulses, are compared with the DTP model references.

3.2.2 NxN CRUs Computational Experiments

Considering that diffusion is an important phenomenon within the CICR process,

the two-dimensional version of the STP model were simulated using three distinct conditions

for the diffusion factors present in the model.

The first condition was defined as there is no diffusion between the CRUs. In terms

of the model, the diffusion terms Di and DSR were set as Di = 0 and DSR = 0. In the

second condition, the diffusion terms were defined considering biological values obtained

from the literature. In this case, Di and DSR diffusion terms were set accordingly to

the literature (17) as Di = 0.4µm2/ms and DSR = 0.12µm2/ms. At last, in the third

condition, the diffusion effect was implemented considering a hypothetical infinite diffusion.

In this case, all the dynamics of the local calcium concentrations must instantly influence

the whole CRUs grid, independently of the position (or distance) of the CRUs. This

infinite diffusion condition was implemented by merging all the [Ca]ui free and [Ca]uSRfree

local variables into a single one shared by all CRUs. Mathematically, it could be written

as [Ca]ui free = [Ca]ifree and [Ca]uSRfree = [Ca]SRfree, where [Ca]ifree and [Ca]SRfree are

the respective shared variable. In this way, once the local CRU alters the shared variable

[Ca]ifree and [Ca]SRfree, all the other CRUs feel this variation instantaneously. The labels

D0, DR, and D∞ will be used to characterize each of these three conditions, no-diffusion,

realistic diffusion, and infinite diffusion, in the results in Section 4.2.2. Figure 11 shows

an illustration of each one of these three diffusion conditions.
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Figure 11 – Illustration of the three different diffusion conditions considered in the NxN
CRUs grid simulations. (A) No-Diffusion Condition (D0). Each CRU u has local values for
[Ca]i

u
free and [Ca]uSRfree. Furthermore, the local dynamics influence only the local CRU.

(B) Realistic Diffusion Condition (DR). Each CRU u has local values for [Ca]ui free and
[Ca]uSRfree. However, the local dynamics influence the local CRU and its adjacent. (C)
Infinite Diffusion Condition (D∞). Each CRU u share the one single global values for
[Ca]ifree and [Ca]SRfree. So, the local dynamics influence instantly all the CRU grid.

Source: created by the author. (2023).

In the Results chapter (Chapter 4), the outputs obtained by the spatial version of

the STP were compared with the reference values for both micro and macro scales. From

the point of view of the macro scale, the global outputs obtained by the spatial version

of the STP model were compared with the DTP model outputs. So, the AP, the global

[Ca]ifree, the global ICaL, and the global Irel were presented side by side with the same

variables of the DTP model. Regarding the micro scale, the outputs of the local variables

generated by the spatial version of the STP model were analyzed in their capacity to

reproduce the stochastic phenomena of the spontaneous calcium Sparks.

To analyze the outputs of the different conformations that the NxN version of the

STP model can assume, it was defined to use five distinguishable conformations: 1x1,

2x2, 4x4, 8x8, and 16x16. The total number of LCCs inside the grid was constant for all

these conformations at 1024. In this way, the simulations using the 1x1 grid were set the

NLCC = 1024, the simulations of the 2x2 grid were set the NLCC = 256, the simulations

of the 4x4 grid were set the NLCC = 64, the simulations of the 8x8 grid were set the

NLCC = 16, and the simulations of the 16x16 grid were set the NLCC = 4. Five realizations

were executed for each conformation considering the protocol described in Section 3.2.2.1 .

3.2.2.1 Protocol of Simulation

Some cardiac pathologies, for instance, arrhythmia, are directly associated with

the non-expected starting of the CICR process. Considering that a cardiac myocyte has a

natural stimulation pacing of 1Hz, it is expected that the intracellular calcium dynamics
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might follow this same pacing. Thus, the pathological effects caused by the Spontaneous

calcium Sparks within the cell occur mainly during a resting phase.

To test how the proposed STP model can reproduce these Spontaneous Sparks of

calcium in the intracellular medium, it was adopted a stimulation protocol composed of

three phases performed in a row: P1, P2, and P3. The first phase, the P1, was performed

for 10 seconds under a stimulation frequency of 1Hz. The purpose of phase P1 was to

model reach equilibrium; therefore, the results obtained in this phase were disregarded.

The second phase, the P2, has the same configurations as the phase P1. It was performed

for 10 seconds with a stimulation pacing of 1Hz. However, in phase P2, the output results

were registered and considered for this study. The third phase, the P3, was also performed

for 10 seconds, but the stimuli were interrupted over the stage. In other words, it was

performed for 10 seconds without pacing.

When considering the phases P2 and P3 in this study analysis, it can be checked

how the proposed model reproduces the sparks in these different pacing conditions, at 1Hz

and 0Hz.

Figure 12 shows an illustration of the whole protocol of the stimulation presenting

the entire 30 seconds of simulation highlighting the three phases P1, P2, and, P3.

Figure 12 – Stimulation protocol used in the 16x16 CRUs grid simulations. The protocol
is composed by three phases P1 (black area), P2 (blue area) and P3 (red area).
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Source: created by the author. (2023).
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3.2.3 Computational Implementation

The STP model proposed by this thesis is composed of 22 Ordinary Differential

Equations (ODEs) derived from the original model, plus 6 ODEs added from the adaptation

of the MC-based ICaL model from the MJ model. All these ODEs have as domain the

variable time.

However, once the diffusion of the free portion of the calcium ion is implemented

in the [Ca]i and [Ca]SR dynamics, two spatial representations were inserted: the x-axis

and y-axis. These two axes can be interpreted as the two-dimensional conformation of the

NxN grid.

The numerical solution of all the 28 ODEs in the STP model was implemented

using the Explicit Euler Method. The choice of this method was based on a test where

it was used to simulate the novel proposed model under conditions in which the outputs

must be the same as the original ten Tusscher and Panfilov (61) model. The outputs

generated by the method were practically the same as expected by the original model. So,

considering the quality obtained in this test and that it is one of the simplest methods to

solve ODEs, the Explicit Euler Method was chosen to solve the ODEs in the computational

experiments performed in this thesis. In resume, when applied in the hypothetical ODE

dF

dt
= f(t), (3.50)

the Explicit Euler Method generates an approximation of the solution by discretizing the

domain of the variable t in ∆t steps and evolving the variable F as

F (t+∆t) = F (t) + ∆t× f(t). (3.51)

Concerning the equations of the variables [Ca]i and [Ca]SR, Equations 3.43 and

3.44, the time evolution of these equations was also solved using the Explicit Euler Method.

For that, the calculus of the diffusion terms ∆• was done based on the Finite Difference

Method. So, considering a two-dimensional CRU grid, the equation for the respective

terms ∆• is

D•∆[Ca]u
•free = D•

(

∂2[Ca]u
•free

∂x2
+

∂2[Ca]u
•free

∂y2

)

= D•

(

∂2[Ca]x,y
• free

∂x2
+

∂2[Ca]x,y
• free

∂y2

)

= D•

(

[Ca]•
x−1,y
free − 2[Ca]•

x,y
free + [Ca]•

x+1,y
free

∆x2
+

+
[Ca]•

x,y−1
free − 2[Ca]•

x,y
free + [Ca]•

x,y+1
free

∆y2

)

(3.52)
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where the labels x and y represent the position of the CRU u inside the two-

dimensional grid, and ∆x and ∆y represent the spatial distance between the CRUs.

It is important to clarify that the 1x1 simulations do not consider the effects of

ionic diffusion since there is a single CRU. So, in the simulations under this condition, the

fluxes ∆• were removed.

All the code developed was created in C++ language. The solution of the ODEs

was executed using the Explicit Euler Method with a time step ∆t = 10−3ms. In the

NxN simulations, the spatial discretization used to calculate the diffusion fluxes were

homogeneously set over the whole CRUs grid in accordantly to the literature (27) as

∆x = ∆y = 0.5µm. To improve the efficiency of the computational execution, the NxN

simulations were performed using the Message Passing Interface (MPI) technique to

parallelize the solving of the equations within each CRU that composes the NxN grid. In

this way, the computing of the local variables of each CRU is divided by the set of cores

available for execution.

All simulations presented in this thesis were performed in a computer composed of

one processor Intel(R) Core(TM) i9-9940X CPU @ 3.30GHz with 14 cores and a RAM

capacity of 130GiB.
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4 RESULTS

In this chapter, the main results of this thesis are presented. Section 4.1 presents

the results of the fitting procedure used to insert the MC-based ICaL model into the

original TP model. This procedure generated the DTP model. From the DTP, the STP

was generated by replacing strategic terms of the ICaL and Irel equations with random

variables. The computational experiments performed using the 1x1 CRU STP model are

presented in Section 4.2.1. Finally, as explained in Section 3.1.5, the Spatial STP model

was also used to analyze its capacity to reproduce the multiscale feature in the CICR

process. The results obtained by the Spatial STP model are presented in Section 4.2.2.

4.1 DTP Model Fitting

The main objective of this thesis is to generate a computational model capable

of reproducing the CICR dynamics of ventricular cardiac myocytes on micro and macro

scales. This multiscale feature, from the subcellular to cellular level, is an object of

analysis and study in ongoing studies associated with cardiac arrhythmias (16). In order to

generate this multiscale computational model, the first step was the definition of the model

formulations. As described in Section 3.1, this formulation was developed by replacing the

original TP ICaL dynamics with a new version based on the MJ formulation. As expected,

this simple merging could not reproduce the human ventricular myocyte electrophysiology

represented by the original TP. A Differential Evolution algorithm was used to elucidate

this mismatch to fit this new model to the original TP outputs.

Using the strategies described in Section 3.1.2, the DE algorithm was executed

only once to fit the DTP to the original TP model. Among the population PTP of feasible

solutions encountered by DE, the best solution xb
TP was selected considering the fitness

error values. Figure 13 shows the original traces for the Opening fraction of the LCC,

the ICaL current, the AP, and the Calcium transient [Ca]i for the TP model. In each

panel, the original output (black line) is plotted together with the results of the population

selection of the algorithm alongside the best global fit of this population (blue lines).
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Figure 13 – Outputs generated by the population of solutions PTP . Traces obtained using
the best solution of the population PTP , xb

TP (dashed blue line), alongside the traces
obtained using the other solutions that compose the population (light blue lines) compared
with the original ten Tusscher and Panfilov (61) model (black line). A: Opening fraction,
Of . B: ICaL current. C: Action Potential. D: Intracellular Calcium concentration, [Ca]i.
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The selection of the population made by the DE execution was very good. The key

is not that there is a particular solution that fits almost perfectly the outcome but that

the population spans remarkably the general surroundings of the model space. We can see

in Table 2 a comparison of the key properties of the AP and [Ca]i for the original model

with the average and standard deviation values obtained from the selected populations

PTP and the best solution xb
TP .
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Table 2 – Features for the AP and [Ca]i traces of the best solutions obtained by DE
execution. Values of the features for the Action Potential (AP) and Intracellular Calcium
concentration ([Ca]i) for the population of solutions PTP and its best solution xb

TP obtained
by the DE algorithm for the DTP model in comparison with respective original ten Tusscher
and Panfilov (61) model. aValues are expressed in ms. bValues are expressed in µM .

Features PTP xb
TP TP

APD50
a 275.2± 4.9 274 273

APD90
a 301.8± 4.8 301 301

[Ca]iMin
b 0.1± 0.001 0.1 0.1

[Ca]iPeak
b 0.8± 0.04 0.77 0.81

Source: created by the author. (2023)

These populations of solutions PTP fitted with typical errors in the AP and [Ca]i

features around 0–1%. Another important fact is that the values for the best parameter

fit was F (xb
TP ) = 9%. In this way, the best solution xb

TP encountered is such that

xb
TP = {

x0
︷ ︸︸ ︷

1.293,

x1
︷ ︸︸ ︷

0.688,

x2
︷ ︸︸ ︷

1.162,

x3
︷ ︸︸ ︷

1.620,

x4
︷ ︸︸ ︷

1.369,

x5
︷ ︸︸ ︷

0.415,

x6
︷ ︸︸ ︷

1.027,

x7
︷ ︸︸ ︷

0.397,

x8
︷ ︸︸ ︷

0.793,

x9
︷ ︸︸ ︷

1.279,

x10
︷ ︸︸ ︷

0.739}.

This solution was selected to generate the Simulation Experiments described in Section

3.2. The results of these Simulation Experiments are presented in Section 4.2.

4.2 Simulation Results

Section 4.1 presents the results of the method used to generate the base model for

this thesis, a deterministic version of the TP model with an MC-based formulation in the

ICaL mathematics. This novel model was adjusted for two stochastic versions: the 1x1

and the NxN STP model. Sections 4.2.1 and 4.2.2 present the computational experiment

results using the respective versions.

4.2.1 1x1 CRU Simulation Results

The first set of experiments assumed the STP model composed of a 1x1 grid of CRU

or, in other words, one single CRU. In this case, the multiscale factor is applied by varying

the total number of LCCs and RyRs inside this single CRU. For that, as described in

Section 3.2.1, the total number of LCCs ran as NLCC = {2i|i ∈ I and i = 0− 15}; and, for

each respective value of NLCC , the total number of RyRs was defined as NRyR = 5×NLCC .

Using the STP model composed of 1x1 CRU, it was simulated 110 pulses for each

value assumed by the NLCC and NRyR. Disregarding the first ten pulses, Figure 14 shows

the descriptive measures of the S values (Equation 3.49) grouped by NLCC and NRyR.

These measures are compared with the same S value obtained from the deterministic

version of the DTP model.
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Figure 14 – Descriptive Measures of the stochastic metric S. The results present the
outputs of the STP model varying the NLCC as NLCC = {2i|i ∈ I and i = 0 − 15} and
using NRyR = 5×NLCC . For each NLCC and, consequently, NRyR, there were generated
n = 100 outputs. In contrast, there are presented also the S values for the DTP model.
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As shown in Figure 14, in qualitative analysis, the STP model could reproduce

the multiscale feature since the outputs expressed the stochastic behavior in the sets of

simulations using small values for NLCC and NRyR (NLCC ≤ 64). This stochastic behavior

is directly associated with what is expected in simulations under the micro scale condition.

The simulations using higher values for NLCC and NRyR (NLCC ≥ 128) presented a notable

decrease in the stochasticity of the outputs. This phenomenon agrees with what is expected

by the multiscale feature since, once the NLCC and NRyR increase in the model formulation,

it is expected that a macro scale behavior appear in the simulations outputs. Thus, it is

expected that the model start to reproduce the Deterministic scenario causing a decrease in

the randomness of the outputs of the simulations. Figure 15 shows the Standard Deviation

σ(S̄) where S̄ is the set of 100 S values obtained from the simulation experiments for each

respective NLCC and NRyR.
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Figure 15 – Standard Deviation σ(S̄) obtained from the set of n = 100 S values calculated
for each respective value assumed by NLCC as NLCC = {2i|i ∈ I and i = 0− 15} and using
NRyR = 5×NLCC . For each NLCC and, consequently, NRyR, they were generated n = 100
outputs.
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Source: created by the author. (2023).

Besides the S and the σ(S) values, the same behavior can be seen in the traces of

the outputs. Figure 16 presents the 100 output curves of the main variables of the STP

outputs (color lines) in comparison with the same traces obtained by the DTP model

(black line). Panels A-D show the AP, [Ca]ifree, ICaL, and Irel traces obtained from STP

using NLCC = 1; panels E-H show the same traces obtained from STP using NLCC = 32;

panels I-L show the same traces obtained from STP using NLCC = 1024; and panels M-P

show the same traces obtained from STP using NLCC = 32768. For all simulations the

NRyR was defined as NRyR = 5×NLCC .
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Figure 16 – Output curves of the AP, [Ca]ifree, ICaL and Irel. The results present the
outputs of the STP model varying the NLCC as NLCC = {1, 32, 1024, 32768} and using
NRyR = 5×NLCC . For each NLCC and, consequently, NRyR, there are presented n = 100
samples. In contrast, there are presented also the output values for the DTP model (black
line).
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Following the same behavior shown in Figure 14, the curves presented in Figure

16 also converged to the deterministic values as soon as the NLCC and NRyR grew. It

indicates that the STP model could adequately reproduce both extreme scales, micro and

macro scales since it was capable of expressing the stochastic nature under a micro scale

condition (low values for NLCC) and reproducing the deterministic outputs as expected in

simulations under a macro scale condition (high values for NLCC).
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4.2.2 NxN CRUs Simulations Results

The results presented in Section 4.2.1 express insight into the capacity of the STP

model to reproduce the micro and the macro scales when it analyses the effects of the

number of LCCs and RyRs in the cellular stochastic nature. However, these simulations

have several limitations since it does not consider essential features that play a crucial

role in the CICR dynamics as, for instance, intracellular calcium diffusion. This Section

presents the results of simulating the STP model using the NxN CRUs grid assuming

N = {1, 2, 4, 8, 16}. Using this two-dimensional disposition of CRU, it is possible to

consider the effects of calcium diffusion over the intracellular domain.

Assuming a Basic Cycle Length (BCL) of one second, each realization of the STP

model using the protocol presented in Section 3.2.2.1 generated ten samples of this BCL

under 1Hz pacing and ten samples of the same BCL without pacing. The mentioned

protocol was executed five times for each set of experiments, each assuming the respective

N value. So, for each value assigned for N, five realizations times ten samples generated

50 samples of one-second BCL for both 1Hz and 0Hz pacing rates.

Section 4.2.2.1 presents the first set of results, which shows the relation between

Micro and Macro scales within the spatial version of the STP model. For this, the diffusion

factor for all experiments were set as being the realistic value, DR. Besides this, the

total number of LCCs and RyRs in the NxN CRUs grid was set as NLCC = 1024 and

NRyR = 5NLCC = 5120. This global value was defined based on the 1x1 CRU STP results

that, using the NLCC = 1024, already presented the deterministic behavior (see Figure

14). So, in the same way, the NxN STP version must also reproduce the deterministic

outputs of the DTP model. Besides the definition of the global value of the LCCs and

RyRs, it was defined different conformations for the NxN grid size. It was defined as five

distinct conformations: 1x1, 2x2, 4x4, 8x8, and 16x16. In this manner, to keep the global

value of the NLCC and NRyR, the local values for the Nu
LCC ranged respectively as 1024,

256, 64, 16, and 4 (for all cases the ratio Nu
RyR = 5Nu

LCC was maintained). The results

presented in Section 4.2.2.1 compare the global outputs of the spatial STP model with

the DTP reference values. For that, it was used the outputs obtained with the realizations

at 1Hz pacing. In summary, 4.2.2.1 demonstrates how the global values of the spatial

version of the STP model correlate with the DTP.

Then, in Section 4.2.2.2 , it was analyzed the specific phenomenon of sparks. For

this analysis, it was selected the 16x16 STP model. This choice was made because

this conformation has small values for the NLCC and NRyR and, consequently, has more

probability of reproducing the calcium Sparks. Besides this, the local values for the

LCCs and RyRs in this conformation are in the physiological ranges expressed in the

literature(50). Section 4.2.2.2 presents the results obtained under the 1Hz pacing and the

outputs obtained under the 0Hz. This condition of no stimulus is suitable for analyzing
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these stochastic phenomena. The effects of the diffusion factor are also presented in Section

4.2.2.2 analyses.

4.2.2.1 Micro vs Macro Scale Analysis

The multiscale feature considered in this thesis is the capacity of the model to

reproduce both the local stochastic nature of the ionic channels (micro scale) and the

global deterministic outputs at a cellular level (macro scale). The NxN STP model was

simulated in different conformations to analyze its capacity to reproduce the multiscale

feature.

Figure 17 presents the traces of the global variables AP, [Ca]ifree, ICaL, and Irel

obtained by the spatial STP model under the different conformations in contrast with the

same variables from the DTP model.
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Figure 17 – Output curves of the AP, [Ca]ifree, ICaL and Irel. The results present the
outputs of the NxN CRUs STP model varying the N as N = {1, 2, 4, 8, 16}. For all cases,
the global value for the NLCC and NRyR were NLCC = 1024 and NRyR = 5NLCC = 5120.
For each N there are presented n = 50 samples. In contrast, there are presented also the
output traces from the DTP model (black line).

100

50

0

50

1x
1

N
u LC

C
=

10
24

A
AP (mV)

0.0

0.5

1.0

1.5 B
[Ca]ifree( M)

6

4

2

0 C
ICaL(pA/pF)

0.00

0.05

0.10

0.15 D
Irel(M/s)

100

50

0

50

2x
2

N
u LC

C
=

25
6

E

0.0

0.5

1.0

1.5 F

6

4

2

0 G

0.00

0.05

0.10

0.15 H

100

50

0

50

4x
4

N
u LC

C
=

64

I

0.0

0.5

1.0

1.5 J

6

4

2

0 K

0.00

0.05

0.10

0.15 L

100

50

0

50

8x
8

N
u LC

C
=

16

M

0.0

0.5

1.0

1.5 N

6

4

2

0 O

0.00

0.05

0.10

0.15 P

0.0 0.2 0.4
100

50

0

50

16
x1

6
N

u LC
C

=
4

Q

0.0 0.2 0.4
0.0

0.5

1.0

1.5 R

0.0 0.2 0.4
6

4

2

0 S

0.0 0.2 0.4
0.00

0.05

0.10

0.15 T

Source: created by the author. (2023).

Figure 17 shows that the spatial STP model suitably reproduced the global values

of AP and ICaL variables in the five conformations. However, the [Ca]ifree and the
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Irel outputs diverged from the expected DTP reference when the NLCC and NRyR local

parameters assumed small values (in a subjective view, as soon as the local parameters

assumed a micro scale condition).

As shown in Figure 17, the peak values reached by both [Ca]ifree and Irel are

smaller than expected by the DTP model. Although this divergence was not expected,

the fact that both [Ca]ifree and Irel had this behavior simultaneously is explained by the

fact that the Irel is the main responsible for filling the [Ca]i medium with calcium. An

insufficiency in the Irel current should lead to a smaller peak of the [Ca]i levels. To clarify

this relation, Figure 18 and Figure 19 present the Irel and the [Ca]ifree peak values of the

outputs obtained by the spatial STP model compared to the DTP reference for the five

conformations.

Figure 18 – Descriptive Measures of the peak values of the Irel current obtained by the
simulation of the spatial STP model in the five conformations: 1x1, 2x2, 4x4, 8x8, 16x16.
For each conformation, there were generated n = 50 samples.
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Figure 19 – Descriptive Measures of the peak values of the [Ca]ifree concentration obtained
by the simulation of the spatial STP model in the five conformations: 1x1, 2x2, 4x4, 8x8,
16x16. For each conformation, there were generated n = 50 samples.
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As can be seen, the spatial STP model could reproduce the macro scale outputs

only when assuming higher values for the local variables Nu
LCC and Nu

RyR (Nu
LCC ≥ 64).

When taking smaller values of the same variables (Nu
LCC ≤ 16), the model could not

reproduce the global or the macro scale outputs. So, although the spatial STP model

could reproduce the micro scale outputs under a micro scale conditions (Section 4.2.1)

and the macro scale outputs under macro scale conditions (Figure 17), the model could

not link these two scales. In other words, the spatial STP model could not reproduce the

macro scale using localy micro scale parameters. This finding presents a limitation of the

proposed spatial STP model in reproducing the multiscale feature.

4.2.2.2 Calcium Sparks

As mentioned in Section 2.2.4.1 , Spontaneous calcium Sparks are closely linked

to cardiac ailments like arrhythmias. Therefore, a computational model replicating this

phenomenon might be valuable in further research in this area. Since the STP model has

the presence of random variables in its formulation, it is expected that it could reproduce

the local stochasticity presented in a CICR process, including the appearance of the

Spontaneous Sparks. To check the reproduction of the calcium Sparks by the STP model,

its outputs at 1Hz and 0Hz pacing rates were considered. Besides, the Spark phenomena

are a local flux of calcium ions. So, the results presented in this Section were obtained

by simulating the 16x16 spatial STP model considering the realistic scenario, DR, for the
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diffusion factors. The outputs presented in this Section were taken from all the local CRU

u that compose the grid individually.

4.2.2.2.1 Sparks at 1Hz pacing

At 1Hz pacing, the STP model presented a considerable number of calcium Sparks

over the entire BCL. The total number of sparks obtained by each realization was practically

the same, approximately 1700. Figure 20 shows the total number of Sparks encountered

by each realization.

Figure 20 – Total number of Sparks obtained by each realization of the 16x16 STP model
stimulated at 1Hz by ten seconds.
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Considering that each realization has ten BC samples, it means that, on average,

there were around 170 sparks by each BC over the whole 16x16 grid. It is important

to highlight that this value includes Evoked Sparks and Spontaneous Sparks. Since the

STP model was stimulated during this period, all the calcium Sparks obtained during

the cell activation are Evoked. The calcium Sparks obtained after the cell restore the

resting condition are Spontaneous. The STP model case is expected to achieve this

resting condition around 350ms after the stimulation. In this way, from the 8476 Sparks

encountered by all realizations, only three appeared after the 350ms. Figure 21 shows a

histogram with the distribution of the occurrence of all calcium Sparks by each fraction of

the BCL.
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Figure 21 – Distribution of the occurrence of all calcium Sparks encountered by the five
realizations of the 16x16 STP model simulated at a 1Hz pacing rate over the whole CRU
grid.
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As can be seen, practically all calcium Sparks occurred before the 350ms. It is

following what is expected since, during this period, the CICR process is very active due

to the stimulus. Figure 21 also presented a remarkable decrease in the number of calcium

sparks that appeared after the cell restored the resting condition (after 350ms). In this

period, the ideal scenario would be the absence of sparks. But, due to the stochasticity

nature of the cell, the STP model reproduced three occurrences of this phenomenon during

this resting phase.

Figure 22 presents the traces of the local [Ca]ui free, I
u
CaL, and Iurel curves of one BC

sample where both the Evoked and Spontaneous calcium Sparks can be seen.
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Figure 23 presents a sequence of distinct moments of the locals [Ca]ui free dynamics

over the time obtained by stimulating the 16x16 STP model. As this sequence shows the

CRU activities due to the stimulation, the calcium sparks observed in the images can be

seen as Evoked calcium sparks.
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Figure 23 – Sequence of distinct
moments of the dynamics of the
local variables [Ca]ui free(µM)
over 450ms after the stimula-
tion. The Panels were chronolo-
gically organized where Panel A
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Panel J that represents the mo-
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Source: created by the author.
(2023).

Besides the Evoked calcium Sparks generated due to the stimulation presented

in Figure 23, the 16x16 STP model also reproduced the Spontaneously calcium Sparks.

Figure 24 shows distinct moments of the locals [Ca]ui free dynamics over the time obtained
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by the STP model at a resting phase. As the CRUs were expected to remain inactive, the

calcium spark observed in the images can be seen as Spontaneous calcium sparks.
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Figure 24 – Sequence of distinct
moments of the dynamics of the
local variables [Ca]ui free(µM)
over 350ms during a resting
phase. The Panels were chrono-
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A represents the moment t = 0s,
Panel B represents the moment
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the moment t = 0.10s, up to
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ment t = 0.35s.

Source: created by the author.
(2023).

Both Evoked and Spontaneous Sparks can be seen in the same image by using a

linescan-type plot of the 16x16 CRU grid of the STP model. Figure 25 shows both Evoked

and Spontaneous Sparks in the linescan-type image of the 14th row of the 16x16 CRU

grid over one second of simulation.
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Figure 25 – Linescan image of the 14th row of the 16x16 CRU grid that compose the STP
model obtained by one second of simulation.
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Concerning the effects of the Diffusion Factor on the number of Sparks, the STP

model was also simulated in the other two diffusion conditions defined in Section 3.1.5.1 .

As can be seen in Figure 26, simulating the STP model under the D0 condition presented

fewer calcium Sparks when compared with the realistic diffusion factor DR. This behavior

is expected since the calcium diffusion might provide a slight increase in the general level

of calcium ions and, so, this higher level of intracellular calcium concentrations might

contribute for the emergence of new Sparks. In the conditions using the diffusion factor

D0, only the local calcium concentration increases. The others remain at the expected

basal level and, thus, are less susceptible to generating calcium Sparks.

On the other extreme, in the D∞ condition, it can be noticed that Spontaneous

calcium Sparks stop appearing (Figure 26, panel C). This absence of the calcium Sparks

might be associated with the multiscale feature. It makes sense since this global and

unique calcium concentration have the same formulation as the DTP model. In this way,

this lack of calcium Sparks makes sense once the D∞ is one step toward achieving the

macro scale where the stochastic phenomena take place to the deterministic behavior.

Figure 26 presents the number of calcium Sparks and their relation with the calcium

ion diffusion.
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Figure 26 – Comparison of the total number of spontaneous calcium Sparks obtained in
the STP model composed by the 16x16 CRU grid simulated by ten seconds at 1Hz pacing
under the three diffusion conditions: D0 (A), DR (B), and D∞ (C).
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Source: created by the author. (2023).

4.2.2.2.2 Sparks Without Pacing

The same analyses can be replicated over the 16x16 STP results executed using

a pacing rate of 0Hz. Since the model was never stimulated, all calcium Sparks are

Spontaneous in this case.

As expected, the outputs of the simulations without pacing generated considerably

fewer calcium Sparks when compared with the same number of simulations under the 1Hz

pacing for the same amount of samples. Altogether, 12 calcium Sparks appeared over

the five realizations composed of ten BCL samples. As discussed before, this is expected

because the model simulated at 0Hz, is not stimulated, and, consequently, its activity

is dependent exclusively on the probabilities of stochasticity. The comparison between

the two protocol phases, 1Hz and 0Hz, is more appropriate when it is considered only

the resting phase of the BC at 1Hz (t ≥ 350ms). In this case, it can be seen that three

calcium Sparks encountered at the 1Hz condition have the same magnitude order as the

12 occurrences obtained at the 0Hz condition.

Figure 27 shows the total number of Sparks encountered by each realization without

any stimulation.
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Figure 27 – Total number of Sparks obtained by each realization of the 16x16 STP model
simulated without any stimulation by ten seconds.
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Considering the absence of stimulus, the probability of a Spark occurring is the

same over the BCL. This feature was observed in the STP model outputs at 0Hz since

the Sparks obtained were homogeneously distributed over the period. Figure 28 shows

a histogram with the distribution of the occurrence of the calcium Sparks obtained by

simulating the 16x16 STP model without pacing grouped by each fraction of the BCL.
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Figure 28 – Distribution of the occurrence of all calcium Sparks encountered by the five
realizations of the 16x16 CRUs STP model simulated without pacing over the whole CRU
grid.
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Source: created by the author. (2023).

Figure 29 presents the traces of the local [Ca]ui free, I
u
CaL, and Iurel curves of one BC

sample where the Spontaneous calcium Sparks can be seen.
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Figure 29 – Traces of the
[Ca]ui free, I

u
CaL, and Iurel values

obtained by one CRU u that
compose the 16x16 CRU grid
of the STP model simulated un-
der 0Hz stimulation. In this BC
sample, as the model was not
stimulated, only the Spontane-
ous calcium Spark can be seen.
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red exclusively due to the RyR
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Source: created by the author.
(2023).
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Figure 30 shows distinct moments of the locals [Ca]ui free dynamics over the time

obtained by the STP model simulated without pacing. As the CRUs were expected to

remain inactive, the calcium spark observed in the images can be seen as Spontaneous

calcium sparks.
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Figure 30 – Sequence
of distinct moments
of the dynamics of
the local variables
[Ca]ui free(µM) over
350ms simulated
without pacing. The
Panels were chrono-
logically organized
where Panel A re-
presents the moment
t = 0ms, Panel B
represents the moment
t = 50ms, Panel
C represents the
moment t = 100ms,
up to Panel H that
represents the moment
t = 350ms.

The same linescan-type image can be done for this simulation. Figure 31 shows

the Spontaneous Spark in linescan-type image from the 6th row of the 16x16 CRU grid

over one second of simulation.
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Figure 31 – Linescan image of the 6th row of the 16x16 CRU grid that compose the STP
model obtained by one second of simulation.
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Concerning the effects of the calcium ion Diffusion, the outputs obtained by

simulating the STP model without pacing presented the same behavior as encountered in

1Hz outputs. As shown in Figure 32, the D0 scenario presented less number of Sparks than

the DR. Furthermore, the D∞ condition obtained zero occurrences of calcium Sparks.

This absence of Spontaneous sparks at D∞ condition was precisely what happened with

the outputs obtained in the realizations under 1Hz considering the same condition.

Figure 32 presents the number of calcium Sparks and their relation with the calcium

ion diffusion.

Figure 32 – Comparison of the total number of calcium Sparks obtained in the STP model
composed by the 16x16 CRU grid simulated by ten seconds at 0Hz pacing under the three
diffusion conditions: D0 (A), DR (B), and D∞ (C).
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5 DISCUSSIONS

The main objective of this thesis was to develop a novel computational model for

human left ventricle myocyte capable of reproducing the CICR process in a multiscale

approach. Historically, computational models for cardiac electrophysiology were developed

based on a “common pool” idea that merges all the thousands of intracellular structures in a

single representation (1). This assumption simplified the model elaboration but, in contrast,

led to limitations in its application. The traditional cellular models are well-accepted and

widely used to replicate the general activities of the cell. They can reproduce the cell

phenomena on a macro scale point of view. On the other hand, over the last few years, the

advances in experimental imaging modalities enabled the reconstruction of intracellular

structures by super-resolution imaging at the nanometer scale (16). Potentialized by these

new imaging techniques, the Computational Modeling field can contribute to understanding

the micro scale underlying the overall cellular function(16).

5.1 1x1 STP Model

In this context, the STP model presented in this thesis is a promising tool for

analyzing this multiscale correlation. As shown in Section 4.2.1, the 1x1 version of the

STP model could, by changing the number of LCCs and RyRs inside the single CRU,

accurately reproduce the stochasticity expected in micro scale and also the deterministic

outputs observed in the macro scale. This multiscale feature is dependent only on two

parameters in the model: the NLCC and the NRyR. It is an evident positive feature of the

1x1 STP model. For instance, it could be used to test the effects of a drug that inhibits a

specific ion channel at macro scale and then check the impact of this inhibition on the

micro scale by varying the number of LCCs and RyRs.

5.2 NxN STP Model - Macro Scale

As presented in Section 4.2.2, the results obtained by the NxN STP model expected

for reproducing the macro scale outputs (the deterministic outputs) were not good. Initial

analysis indicated that the reduction in the Irel currents led to a considerable decrease in

the peak of the [Ca]ifree transients (Figures 18 and 19). This behavior was unexpected,

but it could be explained when combined with the outputs obtained by the 1x1 STP

model. Figure 33 presents side by side the Descriptive Measures of the Peak values of the

Irel currents for both NxN and 1x1 STP model varying the NLCC value.
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Figure 33 – Descriptive Measures of the peak values of the Irel current obtained by the
simulation of the spatial NxN STP model (1x1, 2x2, 4x4, 8x8, and 16x16) in comparison
with same measures obtained by the simulation of the 1x1 STP model.
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Based on Figure 33, it was found that the coupling of the local •i and •SR media

among the CRUs through the diffusion term was not enough to replicate the global

deterministic behavior. The NxN CRUs presented similar behaviors to the single CRU

present in 1x1 STP model when both had varying NLCC value. This behavior was

unexpected, but it could be explained when combined with the information presented

in Section 4.2.1, Figure 14. As shown in Figure 14, the amount of calcium released

by the Irel current over the BCL decreases as the NLCC drops. Considering the 16x16

grid conformation, it has 256 CRUs composed of Nu
LCC = 4. Figure 14 shows that the

amount of calcium released through the Irel was considerably smaller than expected by the

deterministic version (DTP). So, all individual CRUs composed of 4 LCCs released less

calcium into the cytosol. In this way, it is reasonable that the global value for this variable

had decreased. In other words, the diffusion factors in the •i and •SR medium could

not make the coupling between the NxN CRUs, and they behaved as NxN-independent

structures. In this way, it explains that the NxN STP model replicated the 1x1 behavior.

Reviewing the assumptions made by the NxN version of the STP model, a subtle

definition might contributed to this unexpected limitation of the NxN STP model in

reproducing the macro scale outputs. As described in Section 3.2.2, the calcium diffusion

was implemented only in the intracellular (•i) and sarcoplasmic reticulum (•SR) medium.

There was no diffusion in the subspace (•ss) medium. Conceptually, the •ss medium is

precisely where the LCC and RyR are located. So, all calcium release thought the local Iurel
current fills this medium. This way, without calcium diffusion in the •ss, a local calcium
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release would never influence the next CRUs. On the contrary, considering that the RyR

opening is regulated by the presence of calcium ions in its medium, it is reasonable to infer

that the calcium diffusion in the •ss medium would lead to a more expressive activation

of the local RyR and, thus, of the Iurel current. Therefore, although the CRU units were

coupled via calcium diffusion within the •i and •SR mediums, this coupling was weak in

that they still behaved as independent random variables.

The 16x16 STP model was reimplemented to test this hypothesis and the diffusion

term ∇ · Ju
ss was added in the [Ca]uss dynamics. The methods used in this implementation

were the same as those used in the [Ca]ui and [Ca]uSR equations (Section 3.1.5). Thus,

based on the original TP formulation, the PDE equation for the [Ca]uss dynamics reads

∂[Ca]uss
∂t

= −
IuCaL

2VssF
+

Vsr

Vss

Iurel −
Vc

Vss

Iuxfer +Dss∆[Ca]ussfree. (5.1)

In the same way as done for the [Ca]ui and [Ca]uSR dynamics, it was considered the Neumann

Boundary condition for the [Ca]uss formulations.

A set of five realizations were performed considering the diffusion within the •ss

medium. The realizations were done defining Dss = Di = 0.4µm2/ms and a pacing rate

of 1Hz. Figure 34 presents the traces obtained by the simulation of the 16x16 STP model

considering the diffusion in the •ss medium in contrast with the same 16x16 STP but

without considering the diffusion on •ss.

Figure 34 – Output curves of the AP, [Ca]ifree, ICaL and Irel. The results present the
outputs of the 16x16 STP model with the implementation of the calcium diffusion on
the •ss medium (panels A-D); and considering the implementation of the diffusion in the
space (panel E-F). For each N there are presented n = 50 samples. In contrast, there are
presented also the output traces from the DTP model (black line).
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As shown in Figure 34, implementing the realistic values for the diffusion within

the •ss medium improved the capacity of the NxN STP model to reproduce the macro

scale. It indicates that the diffusion within the •ss medium is important and requires

further studies.

Figure 35 presents the linescan-type image of an arbitrary row of the 16x16 CRU

grid obtained by simulating of the STP model considering the diffusion in the •ss medium.

Figure 35 – Linescan-type image of an arbitrary row of the 16x16 CRU grid obtained by
simulating of the STP model considering the diffusion in the •ss medium. The outputs
were obtained by defining Dss = Di = 0.4µm2/ms and a pacing rate of 1Hz
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5.3 NxN STP Model - Micro Scale

Although the initial limitation of the NxN STP model of reproducing the macro

scale outputs (represented by the STP outputs), the results obtained by its simulations for

the micro scale were exciting. The model could reproduce the two kinds of calcium sparks

defined in literature: the Evoked and the Spontaneous Sparks(13). Besides the qualitative

analyses, considering the grid size, the occurrence of the Spontaneous Sparks obtained by

the 16x16 STP model realizations followed the expected values presented in the literature

(23).

5.4 Related Works

Recent studies have been developed to elucidate the mechanisms that link the two

opposite scales (1, 17, 16). The study developed by Alvarez et al. (1) presents a stochastic

computational model built to reproduce the intracellular Ca2+ dynamics, spark regulation,

and frequency-dependent changes for a human ventricular myocyte. The construction

of the model was also based on defining a finite number of CRUs that, in turn, were

composed of nine LCCs and 49 RyRs. Similar to what was developed in this thesis, the
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formulations for the ICaL and Irel currents were also implemented using MC formalism.

In these formulations, they introduce the stochasticity feature. A considerable difference

between the model presented in Alvarez et al. (1) and the model proposed in this thesis is

the spatial dimensions. The model developed by Alvarez et al. (1) does not consider the

spatial dimensions and, thus, the calcium diffusion. They consider only the time evolution.

Comparing these two studies, from Alvarez et al. (1) and this thesis, it can be inferred

that they have the same context and similar methods. Considering this thesis finding that

calcium diffusion interferes in the micro scale activities, this spatial feature is important

for studying the CICR and the calcium Sparks events.

A second correlated study, is the one developed by Colman et al. (17). In their study,

Colman et al. (17) presented a new computational model for the human ventricle myocyte.

The main feature of the proposed model is the usage of a realistic three-dimensional spatial

geometry to represent the cellular domain. Besides this, in the same way, as presented by

this thesis study, Colman et al. (17) also considered stochastic-differential-equation based

on MC formalism to implement the randomness encountered in micro scales. According

to the authors, the model presented in Colman et al. (17) provided a powerful tool for

investigating the relationship between structure and function in intracellular calcium

handling. It integrates high-resolution 3D images of intracellular structures with models

of calcium cycling, enabling direct assessment of the impact structural remodeling has on

cellular function. From the point of view of this thesis proposal, the two-dimensional STP

model presents a differential when compared with Colman et al. (17) model. The presence

of the parameters NLCC , NRyR, and ‘N’ within the NxN STP model offers the possibility

of doing computational experiments connecting the micro and macro scales. The unique

NxN STP model can change its conformation to be adapted to perform simulations in the

micro or macro scales and between these extremes. The study developed by Colman et al.

(17) reproduces in detail the micro scale and, by simulating the AP, also the macro scale.

However, the study does not address the pathway between these two extremes.

In summary, this thesis study can be placed in between the Alvarez et al. (1) and

Colman et al. (17) studies. From Alvarez et al. (1), it presented a simplified stochastic

model capable of reproducing a human ventricle myocyte’s micro and macro scales without

considering the diffusion factor. From Colman et al. (17), it presented a complete model

based on a high-resolution three-dimensional spatial domain capable of reproducing the

micro and macro scales outputs, including considering the diffusion effect. But it does

not simulate the pathway between these two extremes. This thesis STP model is a third

approach. It considers the spatial calcium diffusion, it is capable of simulating the two

extreme scales, the subcellular and cellular levels, and it also can reproduce the cellular

behavior between these two extremes.
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5.5 Limitations and Future Works

The initial assessment of the NxN STP model concerning the diffusion terms proved

harmful for the model to reproduce the macro scale outputs. As a brief experiment, Figure

34 presented the improvement of the 16x16 STP outputs caused by adding the diffusion

factor into the •ss medium. Therefore, analyzing the diffusion terms and their respective

variables needs more tests to adequately replicate the effect of each of the three mediums’

diffusion on the whole cell.

In future works, the main activity must adequately study the diffusion phenomena.

A study analyzing the magnitude of each specific diffusion could generate important

findings about the relation between the diffusion terms, the local and the global variables.

Another future work must be reimplementing the whole model code using CUDA

technology(41). The original implementation used the MPI to boost the execution time.

However, the MPI presents limitations due to the number of CPUs available to perform the

simulation. Using CUDA technology, the execution of the code could extract even more

from the parallelization technologies. Furthermore, this increase in execution capacity

would enable the model to simulate higher NxN conformations.

Besides that, a study to do sensitive analyses of the main parameters of the STP

model could offer a better an understanding of the main variables and parameters of the

model.
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6 CONCLUSION

Reaching this thesis’s primary goal, the proposed STP model could adequately

reproduce the multiscale feature considering both the subcellular and cellular levels and

the pathway between these two extremes. Under a micro scale conformation, the model

outputs presented the expected stochastic behavior, including the emergence of Evoked

and Spontaneous calcium Sparks. On the opposite, the STP model also reproduced the

expected deterministic results.

Success in the specific objectives was crucial to achieve the main goal. The

generation of the MC-based ICaL model propitiated the insertion of the random variables

into the new model, generating, thus, a Stochastic version of the DTP model. In this step,

the DE fitting algorithm effectively found the optimum set of parameters that restored

the desired outputs of the new DTP model. The framework used to generate the final

DTP model showed a considerable gain in the scientific community, and the whole process

was published. In possession of a consolidated DTP model composed of LCC and RyR

formulations based on MC formalism, combined with random variables, constructing the

STP model version was a natural process. Stochastic differential equations composed

of random variables replaced all the deterministic ODEs of the MC formulations. This

natural replacement, combined with the NLCC and NRyR parameters, carried to the STP

model the notable capacity to perform simulations on both subcellular and cellular scales

and between these extremes. As presented in the results section, this STP model could

reproduce the stochastic nature of the subcellular level. Furthermore, the same STP model

could gradually replicate the deterministic behavior when simulated under higher-scale

conditions. This link between the two extreme scales was the main differential of the STP

model when compared with similar studies in the literature.

Going ahead with implementing the spatial CRU grid, the NxN STP acquired

the possibility to consider an expressive physical condition in cellular physiology: ionic

diffusion. With the two-dimensional approximation of the cellular domain achieved by

implementing the NxN CRU grid, the spatial version of the STP model could also evaluate

the effects of the calcium diffusion on the main phenomena of the CICR process, for

instance, the calcium spontaneous sparks. Such was important the implementation of

this spatial version that the initial assumption that the •ss calcium ions would not diffuse

generated unexpected results. Combining the 1x1 STP model findings with the NxN

results, it was observed that the diffusion in the •ss medium also plays a crucial role in

the CICR process in different scales. This revision was potentialized by the STP model’s

capacity to simulate the same phenomena in different scales. This revision indicates the

importance of future research to evaluate the expression of each calcium medium in the

whole CICR process. By reproducing adequately the experiments observed in the literature,

both the 1x1 and NxN STP models were shown to be promising tools to contribute to
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understanding the underlying mechanisms at a subcellular level and their correlation to

the whole cardiac organ. In conclusion, this thesis’s initial objectives were achieved in

completeness.

With the concepts and methods used to develop this study, altogether, three

correlated contributions were published(40, 39, 34).
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APPENDIX A – Mathematical Formulation

Since this thesis assumed the ten Tusscher and Panfilov (61) model as the base

model, and the main object of study is the CICR process, this section presents the

mathematical formulations of the original (61) model associated with the CICR process.

To see the other equations, please refer to ten Tusscher et al. (60) and ten Tusscher and

Panfilov (61).

Original TP Equations

L-Type Ca2+ Current

ICaL = GCaLdff2fcass4
(V − 15)F 2

RT

0.25[Ca]ssfreee
2(V−15)F/RT − [Ca]o

e2(V−15)F/RT − 1
(.1)

dd

dt
=

d∞(V )− d

τd(V )
, (.2)

d∞ =
1

1 + e(−8−V )/7.5
(.3)

αd =
1.4

1 + e(−35−V )/13
+ 0.25 (.4)

βd =
1.4

1 + e(V+5)/5
(.5)

γd =
1.4

1 + e(50−V )/20
(.6)

τd = αdβd + γd (.7)

df

dt
=

f∞(V )− f

τf (V )
, (.8)

f∞ =
1

1 + e(V+20)/7
(.9)

αf = 1102.5e−(V +27
15

)2 (.10)

βf =
200

1 + e(13−V )/10
(.11)

γf =
180

1 + e(V+30)/10
+ 20 (.12)

τf = αf + βf + γf (.13)

df2
dt

=
f2∞(V )− f2

τf2(V )
, (.14)

f2∞ =
0.67

1 + e(V+35)/7 + 0.33
(.15)

αf2 = 600e−(V +25
170

)2 (.16)

βf2 =
31

1 + e(25−V )/10
(.17)

γf2 =
16

1 + e(V+30)/10
(.18)

τf2 = αf2 + βf2 + γf2 (.19)

dfcass
dt

=
fcass∞([Ca]ss)− fcass

τfcass([Ca]ss)
; (.20)
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fcass∞ =
80

1 +
(

[Ca]ssfree
0.55

)2 + 2 (.21)

τfcass =
80

1 +
(

[Ca]ssfree
0.55

)2 + 2 (.22)

Ryonodine Release Current

Irel = VrelO([Ca]SRfree − [Ca]ifree) (.23)

O =
k1[Ca]2ssfreeR̄

k3 + k1[Ca]2ssfree
(.24)

dR̄

dt
= −k2[Ca]ssfreeR̄ + k4(1− R̄) (.25)

k1 =
k′

1

kcasr
(.26)

k2 = k′

2kcasr (.27)

kcasr = maxsr −
maxsr −minsr

1 + (EC/[Ca]SRfree)
2

(.28)

Calcium Currents

Ileak = Vleak([Ca]SRfree − [Ca]ifree) (.29)

Iup =
Vmaxup

1 +K2
up/[Ca]2i free

(.30)

Ixfer = Vxfer([Ca]ssfree − [Ca]ifree) (.31)

IbCa = GbCa(V − ECa) (.32)

INaCa = kNaCa

eγV F/RTNa3i [Ca]o − e(γ−1)V F/RTNa3o[Ca]ifreeα

(K3
mNai +Na3o)(KmCa + [Ca]o)(1 + ksate(γ−1)V F/RT )

(.33)

IpCa = GpCa

[Ca]ifree
KpCa[Ca]ifree

(.34)

Calcium Concentrations Dynamics

d[Ca]i
dt

= −
IbCa + IpCa − 2INaCa

2VcF
+

Vsr

Vc

(Ileak − Iup) + Ixfer (.35)







[Ca]ibuff = [Ca]i×Bufi
[Ca]i+Kbufi

,

[Ca]i = [Ca]ifree + [Ca]ibuff ,
(.36)

d[Ca]SR
dt

= (Iup − Ileak − Irel). (.37)
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





[Ca]SRbuff = [Ca]SR×Bufsr
[Ca]SR+Kbufsr

,

[Ca]SR = [Ca]SRfree + [Ca]SRbuff ,
(.38)

d[Ca]ss
dt

= −
ICaL

2VssF
+

Vsr

Vss

Irel −
Vc

Vss

Ixfer (.39)







[Ca]ssbuff = [Ca]ss×Bufss
[Ca]ss+Kbufss

,

[Ca]ss = [Ca]ssfree + [Ca]ssbuff .
(.40)
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APPENDIX B – DTP MC-Based ICaL Formulation

This Appendix introduces the new ICaL MC-based equations and rates that compose

the DTP model proposed in this thesis. It was used the same MC topology used to simulate

the ICaL phenomenon in MJ. They use seven states disposed of three layers being the

above one layer, the Calcium Dependence layer. The other two layers are only Voltage

Dependence. Fig 36 presents the new MC illustration.

Figure 36 – Schematic representations of the three markov chain structures considered
in this study. A: The four independent Markov Chains for each gate of the models TP
considering only two possible states, Open (O) and Close (C) for each one. B: The original
structure of the Markov Chain used by MJ to simulate the ICaL phenomenon. C: The
proposed Markov Chain as a combination of the HH formalism rates and the MJ topology,
to replace the gates in the TP model. The MC transitions generated considering the HH
gates d, f , and f2 are shown respectively in blue, green, and yellow. The calcium-dependent
function f and the rates associated with the calcium concentration are shown in red. The
set of parameters x used to fit both calcium-dependent rates (parameters x0 to x4) and
voltage-dependence rates (parameters x5 to x10) are shown in black.

Source: obtained from Novaes et al. (39).
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Considering the Calcium-Dependence rate, represented by f = f(x0, x1, c), it was

adapted from MJ. The original f(c) function used in (35) reads

f(c) =
1

1 + (c̄p/c)3
, (.1)

where c is the subcellular calcium concentration ([Ca]ss), and c̄p is a threshold for calcium

dependence.

The rates •+, and •−, that compose the MC rates, are calculated based in the

HH formalism, and they were obtained from the original TP model. Table 3 presents the

equations considered in the rates calculations.

Fitting Parameters

The new Markov Chain was adapted from the HH formalism presented in the

original TP model combined with the previous ICaL formulation originally proposed in

MJ. As an adaptation, a fitting process was necessary to adequate the novel MC-based

ICaL dynamics to the original values.

To introduce the adjustable capacity into the new MC, we selected the main rates

associated with the channel opening dynamics. For the portion of the dynamics associated

with the calcium-dependence, we introduced the adjustable feature in two ways. The

first one was to add two fitting parameters, x0, and x1, in the original MJ f function, Eq

(.1), as the simplest linear combination with the original values. Thereby, our adjustable

calcium-dependence rate reads

f(c, x0, x1) =
1

1 + (x0c̄p/c)x13
. (.2)

Furthermore, to open more possibilities for the fitting algorithm to adjust the

calcium-dependence, we also added, as the simplest linear combination, one parameter

multiplying the f function in each transition where it is inserted. As we have three

transitions which are composed by the calcium-dependence f function, C → If , C ′ → I ′f ,

and O → I ′f , we added three new parameters, x2, x3 , and x4. Fig 36 presents the

calcium-dependence rates in red color.

For the portion of the dynamics associated with the voltage-dependence, we selected

the main transitions that are directly associated with the MC opening state, I ′f ⇄ O,

C ′
⇄ O, and I ′f2 ⇄ O. For each rate which composes the transitions, we introduced a

fitting parameter x as the simplest linear combination. Thus, the fitting process is capable

to act directly in the main variable of interest: the MC Opening fraction. This method

generated a total of seven parameters (x5 up to x10).

Therefore, to introduce the fitting possibility in the new MC, we inserted five

parameters associated with the calcium-dependence, and other six parameters associated

with the voltage-dependence dynamics.
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Table 3 – Formulations of the DTP markov-chain rates.

TP Models

Rates •inf τ• •+ •−
d dinf = 1

1+e(−8−V )/7.5 τd = Ad ×Bd + Cd d+ = dinf/τd d− = (1− dinf )/τd

f finf = 1
1+e(V +20)/7 τf = Af +Bf + Cf f+ = finf/τf f− = (1− finf )/τf

f2 f2inf = 0.67
1+e(V +35)/7 + 0.33 τf2 = Af2 +Bf2 + Cf2 f2+ = f2inf/τf2 f2− = (1− f2inf )/τf2

Rates A• B• C•

d Ad = 1.4
1+e(−35−V )/13 + 0.25 Bd = 1.4

1+e(V +5)/5 Cd = 1
1+e(50−V )/20

f Af = 1102.5e(−(V+27)2/225) Bf = 200
1+e(13−V )/10 Cf = 180

1+e(V +30)/10 + 20

f2 Af2 = αe−(V+β)2/γ Bf2 = 31
1+e(25−V )/10 Cf2 = δ

1+e(V +30)/10

Equations used to calculate the rates •+, and •− that compose the DTP MC-based ICaL current. For that: α = 600, β = 25, γ = 170, and δ = 16.

Source: obtained from Novaes et al. (39).
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